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Abstract

Ultra-cold spinor Bose gases present rich physics due to the special combi-
nation of superfluidity and magnetism in a quantum system. This system
was first realized in 1998 by confining a Bose-Einstein condensate in an

all-optical trap.

In this thesis, we consider the fluctuations of observable quantities in a
spin-1 Bose gas. Understanding how fluctuations arise due to the spin exci-
tations of the condensate is important because it offers an insight into how

measurement noise reveals the many-body physics of the system.

To begin, we present the mean-field and Bogoliubov theory of a uniform
spin-1 Bose gas subject to a constant magnetic field, describing the conden-

sate and its low-energy collective excitations.

We then develop a formalism to describe the fluctuations in a general
density-like observable. We start from the two-point correlation function
and cast it in the form of a generalised static structure factor determined
by the three Bogoliubov quasiparticle excitation branches. We derive ana-
lytic results for the fluctuation amplitudes and the temperature-dependent
static structure factors for observables of total density and the three spin

densities.

For all four magnetic phases, we analyse the spinor order parameter and
quasiparticle spectra while numerically mapping out the fluctuation ampli-

tudes and static structure factors for the total and spin density operators.

We describe the fluctuations in experimental measurements made within
finite cells, which is an important step to making meaningful predictions for
experiments. We consider cylindrical cells and gaussian cells as two limiting
cases. We apply this analysis to an experimentally realisable system of a
quasi-2D spinor gas in a harmonic trap, comparing extensive numeric results

with analytic limits.
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Chapter 1

Introduction

Ultra cold atoms have been an important proving ground for quantum mechanics for
almost 20 years. Starting in 1924 from Satyendra Bose’s serendipitous discovery of what
we now call Bose statistics [1], combined with the theoretical star-power of Einstein
[2], we fast forward to the landmark experiments of the mid-90s where the early theory
was brought to life and confirmed with the first cases of Bose-Einstein condensates
(BECs) using ®Rb [3], ?*Na [4] and "Li [5].

Over the last 15 years, cooling techniques have been refined and ever-tighter control
achieved in manipulating atomic samples with electromagnetic fields. The range of
atomic species that have been condensed has widened greatly, including atoms with
large magnetic moments like *2Cr [6], 1Dy [7], 192Dy [8] and '®®Er [9], opening the field
to the study of the dipolar BECs with long-range anisotropic dipole-dipole interactions.
Meanwhile, advancements in trap design have opened the door to fully optical traps,
liberating the hyperfine spin levels and allowing the realization of multi-component
spinor condensates with 2Na [10, 11], 8Rb [12, 13] and *2Cr [14]. In Table 1.1 we

provide a review of the experimental timeline thus far in producing different BECs.

Spinor condensates offer a wide variety of rich physics, as testified by recent compre-
hensive reviews of the field [28, 29]. The multiple condensate components interact with
each other through the spin-dependent interaction, while the presence of a magnetic
field splits the hyperfine degeneracy. There is overlap with dipolar BECs since spinor
species also have magnetic moments. Symmetry considerations become essential, as
the spinor order parameter accesses spin-space symmetries, which in scalar conden-

sates were completely locked away. This new landscape of interactions and symmetries
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Year Scalar BEC Spinor BEC
1995 | #Na [4], "Rb [3], "Li [5]

1998 H [15] ZNa [10]

2000 8Rb [16]

2001 “He [17], 'K [18] 8TRb [12]

2003 133Cs [19], '™YDb [20] ZNa [11]
2004 8TRb [13]
2005 2Cr (6]

2007 BK [21], 10YD [22]

2008 2Cr [14]
2009 | “°Ca [23], 84St [24, 25]

2010 8Sr [26], 88Sr [27]

2011 164y [7]

2012 | 68Er [9], 162Dy [§]

Table 1.1: Experimental time-line of achieving Bose-condensation for scalar and spinor

systems, with reference to the first experiments.

unfolds a veritable zoo of exotic spin textures, phase transitions, topological defects,

and spin excitations.

This new toolbox of magnetism and superfluidity is realizable in highly controllable

atomic systems, and has opened up the study of quantum properties of matter that

had previously been locked away inside bulky condensed matter systems.



1.1. BECs

1.1 BECs

1.1.1 Background

All particles can be divided into two types: bosons and fermions. The distinguishing
feature lies in a fundamental quantum property of particles, called “spin'. Spin is
essentially the intrinsic angular momentum of a particle, with the classical analogy
being a particle spinning on its own axis. Quantum mechanically there is no spinning,
just the spin quantum number, F', which sets allowed states with spin components

mp ={—F,—F +1,--- , F} that follow the algebra of angular momentum.

Bosons are particles with integer spin; fermions are particles with half-integer spin.
They each display very different statistical behaviour. Fermions have many-body wave-
functions which are anti-symmetric which leads to them obeying the Pauli exclusion
principle - two identical fermions cannot occupy the same single-particle state simul-
taneously. Bosons have symmetric many-body wavefunctions and can thus occupy the
same single-particle state simultaneously. This property of bosons is what allows the

formation of a BEC.

The energy states for a dilute gas can be thought of as a ladder leading from the
ground state energy to higher and higher energies which become spaced closer and
closer together. If one takes a dilute gas of bosonic atoms and cools them, they will fall
down this ladder. As the gas gets very cold, the statistical distribution of energy changes
from the classical hot-gas Boltzmann distribution into the Bose-Einstein distribution.
At a temperature much higher than would be expected classically, Bose statistics makes
it favourable for atoms to drop into the ground state. In a large cloud of atoms, this
leads to macroscopic occupation of the ground state - a phase transition to a BEC
driven by quantum statistics. The ideal BEC is a spatially coherent matter-wave where
all atoms are in a single mode, with the many-body wavefunction a product state of
these single-particle states. Below the critical temperature, a BEC can be described by

a macroscopic order parameter.

1.1.2 Spinor BECs

A spinor BEC consists of atoms with a spin degree of freedom. Fig. 1.1 shows the

hyperfine splitting for 2Na and 8"Rb, as was shown in Refs. [30] and [31] respectively.
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Figure 1.1: Hyperfine structure of 2Na and 3Rb ground states. In this thesis we focus

on the /' = 1 manifold with its three mr sublevels.

The first spinor BEC to be realized experimentally was spin-1 **Na in 1998 [10], having
been theoretically predicted by Ho, Ohmi and Machida [32, 33]. As detailed in Table 1.1,
this was followed in subsequent years by BECs of spin-1 8"Rb, spin-2 *Na and 8"Rb,

and most recently by spin-3 *?Cr.

In addition to exhibiting spatial coherence, a spinor condensate also displays a range
of spin orders, determined by the interactions and externally applied magnetic field.
Various aspects of the phase diagram and condensate dynamics have been explored
in experiments, particularly for the case of spin-1 where the atoms can access three
magnetic sublevels (e.g. see [34-42]). An important feature of this system is that it
exhibits a rich excitation spectrum with phonon and magnon branches [28, 29, 32, 33].
Phonons are density excitations analogous to classical sound waves, and are ubiquitous
in single-species scalar BECs. Magnons, however, are excitations of magnetization (i.e.
spin). These so-called ‘spin waves’ are a distinguishing feature of multi-component
BECs.



1.2. Spinor Fluctuations

1.2 Spinor Fluctuations

The theory used to describe a BEC is mean-field theory. In this approach, we treat the
Bose gas as if each atom experiences the average (mean) field of all the other atoms.
When the system has macroscopic occupation of the ground state (i.e. a large num-
ber of atoms are condensate atoms), we can approximately describe the many-body
system with an order parameter. At this level of theory, one can predict mean values
of experimental measurements. In real experiments, each measurement follows the dis-
tribution of possible outcomes set by the full many-body wavefunction, which means
that individual measurements display fluctuations, seen as ‘noise’ in experimental data.
This noise might be seen as an impediment to confirming theoretical predictions, but

it actually reveals useful information which is not captured by mean-field theory.

To make theoretical predictions which account for fluctuations, we need to consider
the collective excitations about the condensate. These so-called ‘quasiparticles’ are the
low energy excited states of the Bose gas above the ground state BEC. The theoretical
framework that describes the collective excitations of the BEC is called Bogoliubov
theory, and it provides a good description of a Bose gas for temperatures well below

the condensation temperature.

For our fluctuation predictions to be relevant to experiments, we need to consider some
practical details of making a measurement. In an experimental system, measurements
are not point-like (i.e. with a definite position) but sample the volume contained by a
finite cell. This is due to having finite imaging resolution: the smallest possible mea-
surement cell is set by the point spread function of the imaging system and by the

finite pixel size of the camera used to collect the light signal [43-45].

When making measurements with finite cells, position correlations (where neighbouring
atoms are not independent) become important to consider, because typical cell sizes are
comparable to the correlation lengths of the system (on the order of a few microns). To
understand the correlations in the system, we introduce a two-point correlation function
for an observable of interest. This function gives a measure of the independence of the
fluctuations at two points in space. It is convenient for us to work with this correlation
function in momentum space, so we take the Fourier transform and call this the static

structure factor.

While the static structure factors are well characterised for the case of scalar conden-

sates (e.g. see [46]), much less work has been done on multicomponent systems. There
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Figure 1.2: Here we show the experimental setup for imaging a BEC by shining light
onto it in the object plane. A point source of resulting light intensity is transformed
by the point spread function of the imaging system (lens etc.) to become a smeared
out blob in the image plane. At the image plane, a CCD array collects light intensity
within pixel cells. Measurements are thus of a finite volume of BEC in the image plane,

having been spread out due to the imaging system and finite pixel resolution.

have been theoretical studies of binary condensates [47, 48], and a study of the finite-
temperature transverse spin-density correlations in a quasi-2D ferromagnetic conden-
sate (see Appendix B of Ref. [49]). Experimentally, several methods can determine the
static structure directly, for example: fluctuation measurements (e.g. see [50, 51]), off-
resonant light scattering [52] and Bragg spectroscopy [53, 54]. Notably, spin-dependent
Bragg spectroscopy of a Spin—% Fermi gas was used to measure the z-spin density [55],
and speckle imaging has been employed on a strongly interacting Fermi gas to measure
the compressibility and magnetic susceptibility [56]. Along this path, a number of ex-
periments with spin-1 condensates have made fluctuation measurements, particularly
in application to dynamical regimes (e.g. [40, 57, 58]) and spin-squeezing [59]. We also
note a recent proposal to probe the excitation spectrum of a spinor condensate using

magnetic spectroscopy [60].



1.3. Our work

1.3 Owur work

This is the first study of equilibrium fluctuations of a spinor BEC, and includes the
important experimental consideration of finite imaging resolution. We develop a for-
malism that can be applied to describe the fluctuations of the total number density
and the components of the spin density, motivated by the capability to measure these
quantities directly in experiments (e.g. by Stern-Gerlach [58, 59, 61, 62] and dispersive
[39, 42, 63-65] probing). We characterise these fluctuations by deriving generalized
static structure factors, which arise from the collective excitation modes of the BEC

and thus can be calculated using Bogoliubov theory.

We apply our general theory to the case of a non-dipolar spin-1 BEC in a uniform trap
with a uniform magnetic field along z. For this system there are four distinct mag-
netic phases, and in each phase three Bogoliubov excitation branches contribute to the
fluctuations. Of particular interest are the antiferromagnetic and broken-axisymmetric
phases, in which a second continuous symmetry associated with the spin degree of
freedom is broken [in addition to the U(1) gauge symmetry]. This is revealed by the
emergence of a second Nambu-Goldstone mode [66]. Nambu-Goldstone modes are gap-
less — their dispersion relation goes linearly to zero as the momentum goes to zero —

and they act to restore spontaneously broken symmetries.

We apply our fluctuation formalism for the uniform spin-1 system to the experimentally
realizable setup of a spin-1 BEC in a harmonic trap with a pancake geometry (tight
in the z direction), and consider two limiting forms of the finite measurement cell: a

disc-shaped cylindrical cell and a smooth Gaussian cell.

The analysis we undertake of the relationship between the quasiparticle excitations
and the fluctuations in experimental measurements provides an exciting insight into
the decidedly quantum nature of the spin-1 BEC and how it can be revealed through

noise measurements.

1.4 Thesis Outline

This thesis is structured as follows. In Chapter 2, we review the mean-field theoretical
framework of the spin-1 BEC, which gives rise to the condensate spinor and four mag-

netic ground state phases. In Chapter 3, we take the condensate spinor and analyse the
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collective excitations about the ground state using Bogoliubov theory. From here, in
Chapter 4 we develop a formalism which can describe fluctuations of any observable,
which results in a generalized static structure factor. In Chapter 5 we apply this for-
malism to the total and spin density operators, and map out the excitation modes that
contribute to fluctuations in their mean value. In Chapter 6, we apply our general fluc-
tuation theory to a hypothetical experimental setup where fluctuations are measured
within finite cells. After developing the further theory needed to describe this situ-
ation, we apply our knowledge to numerically calculate fluctuations and analytically
calculate limiting expressions. This gives us theoretical predictions for experimentally
realizable fluctuation measurements. Finally, we conclude in Chapter 7 by discussing

the implications of our results.

1.5 Papers arising

The work in Chapters 4 and 5 has been published in Phys. Rev. A, Ref. [67]. The work
in Chapter 6 has been accepted for publication in Phys. Rev. A, and is available on
the arXiv, Ref. [68].



Chapter 2

Spin-1 Mean-Field Theory

In this chapter, we review the mean-field theory of a spin-1 condensate. First, we
introduce the Hamiltonian that describes the cold-atom spinor gas. Then, taking a
mean-field approach, we assume that we have a BEC and separate out the condensate
spinor from the field operator. We explain how to calculate this spinor, before detailing
the ground state phase diagram as a function of the spin-dependent interaction and
magnetic field interactions. Finally, we conclude by detailing the spherical-harmonic
representation and the nematic spin order, which reveal the symmetry properties of

the spinor.

2.1 Hamiltonian

Here we consider a uniform three-dimensional spin-1 Bose gas subject to a uniform
magnetic field along z. We assume that we are in a temperature regime where the
only relevant atomic collisions are s-wave scattering. We also ignore the effects of the
dipole-dipole interaction by considering species where the magnetic dipole moment is

negligible compared to the other interaction energies.

The single particle description of the atoms is provided by the Hamiltonian

h2v2

~ 507 — pi + qi®| 0y, (2.1)

(ho)ij =

1

where p and ¢ are the coefficients of the linear * and quadratic Zeeman terms, re-

!The quantity p also serves as a Lagrange multiplier to constrain the z-component of magnetization.
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spectively, and the subscripts i, 7 = {—,0,+} refer to the mp = {—1,0, 1} magnetic
sub-levels of the atoms. The value of ¢ is tunable independently of p using AC electric
fields, e.g. see Refs. [69, 70|, and can be both positive and negative. The linear and
quadratic Zeeman terms arising from a uniform magnetic field for 3’Rb are shown in
Fig. 2.1.

109
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10t

10-1
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10~ 310—2 10—1 100 101 102 103 104 10° 0 500 1000 1500 2000 2500 3000
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Figure 2.1: The Zeeman terms and F' = 1 hyperfine splitting for 8Rb in a uniform
magnetic field B. The linear and quadratic terms are p and ¢ respectively, and are

shown in (a). They parameterize the shifts of the individual mg levels shown in (b).

The cold-atom Hamiltonian, including interactions, is given by [32, 33]

= /dx hoth(x) + 2 - A)i(x) <+ < Be) - Ex) ] (2.2)

where :: indicates normal ordering, 1/3 = [@Jr, 120, QZ,]T is the spinor boson field operator,
and the superscript T" indicates the transpose operation. The interaction terms involve

the total density 7 and the spin density f = [/, fy, £.]T given by

Ax) = P x)P(). (2.3)
fax) = P Fapx), ae{ry.z) (2:4)
where {F,} are the spin-1 matrices,
. 010 . 0 -1 0 1 0 0
Fom |10 1], Fy=pft 0 —1f. F=]0 0 0 (2.5)
010 0 1 0 0 0 -1

10
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It is important to note that this Hamiltonian is number conserving and axially sym-

metric (along z) in spin space [71], i.e.

0, (2.6)
[H,E.] =0, (2.7)

where the total number and z-magnetization operators are respectively defined as
N = / dx 7(x), (2.8)
E, = / dx f.(x). (2.9)

The parameters ¢y and c¢; are the density and spin dependent interaction parameters,

respectively, and are given by

47 h?

Cop = 3M (ao + 261,2), (210)
47 h?

C1 = 3M (ag — CL()), (211)

with ag (S € {0,2}) being the s-wave scattering length for the scattering channel of
total spin S. We introduce the spin healing length

= (212)

B W/M|cl|n’

as a convenient length scale, in analogy to the density healing length,

Ok
= A= (2.13)

The healing lengths characterize the sizes of spatial structures comparable to the rele-

vant interaction energy, e.g. h?/ME? = |eq|n.

With reference to the Hamiltonian (2.2), we see that the sign of the spin-dependent
interaction affects the magnetization of the ground state. For ¢; > 0, magnetization
is energetically unfavourable, so the global ground state favours having |f | = 0. We
refer to this case as having antiferromagnetic interactions, and an experimental species
that realizes it is 2*Na. Conversely, when ¢; < 0, magnetization reduces energy and
the global ground state favours maximizing |f' |. In this case, we describe this system

as having ferromagnetic interactions, and it can be realized experimentally with 8"Rb.

In Table 2.1, we show current best estimates of ¢y, ¢1, and their ratio for antiferro-

magnetic 23Na and ferromagnetic ’Rb. These estimates are based on experimental

11



Chapter 2. Spin-1 Mean-Field Theory

measurements of the scattering lengths as, ag, and their difference as — ay. For our
numerical work, we are interested in the ratio ¢y/|c1|, and for these two species the cur-
rent experimental measurements have very large uncertainties. We note that the spin
dependent interaction is difficult to measure due to being so much smaller than the
spin independent interaction. This can be seen in that experiments which measure a,
and ag separately are not fully in agreement with all experiments that measure ay — ag
directly (see Table 2 of Ref. [28] for details).

Species o (a.u.) ¢ (a) o/l

Na | 153.324+1.60 | 3.0+1.8 | 51.44+31.0

8TRb | 302.60 +0.30 | —1.3 £ 0.4 | 240.2 £ 78.4

Table 2.1: Average experimental values of interaction parameters cp; = cp1 X
3M/(4mh?) in units of the Bohr radius (ap = 0.0529 nm), along with their ratio ¢/ |c1],
for 2Na and 8Rb, computed from experimental data listed in Table 2 of Ref. [28].

2.2 Mean-field description

Here we shall be interested in temperatures well below the condensation temperature

where the field can be written as
D(x) = Vi€ +5(x), (2.14)

where (1) = /n € is the (uniform) mean-field that describes the condensate, n = N/V
is the condensate density, V' is the volume, N is the number of condensate atoms, and
€ = [&,&,E]7 is the normalized condensate spinor. The operator & = [0, g, 0|7

represents the non-condensate field, with expectation (5) =0.

2.2.1 Condensate

The condensate is obtained as the lowest energy solution of the time-independent Gross-
Pitaevskii equation (GPE)

p€ = |ho+conl+c1y ) faFal €, (2.15)

12
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where 1 is the 3 x 3 identity matrix and

fa = nETFaéa (216)

is the a-component of the condensate spin density. We can write the matrix equation

as three coupled GPEs in the form

[ h2v2 2 *

ey = | — Wi + (Co + Cl)n —p+ Q] &+ + Cl(fo - 2§+§—>§_7 (2-17)
i h2V2 2 *

w6 = |~y + (@t en] & - (8 - 26,606, 215)
i ﬁQVQ 2 *

pe-= |5+ (cote)n+p+ql & +ally— 26,8 )E. (2.19)

2.2.2 Using a real spinor

In general, the condensate spinor has three complex components, giving six variables to
solve for in Eq. (2.15). Using the fact that the spinor is equivalent under a global phase
rotation e~ and an arbitrary spin rotation around the z-axis e~*=* [see Eqs. (2.7)
and 2.6)], we can rotate any complex spinor to a real one, reducing six coupled simul-
taneous equations down to three. To see this, write the general spinor in terms of real

magnitudes and arbitrary phases as

&= [l& e [ole’™, & |17 (2.20)

When substituted into the energy functional (]:I ), only one phase-dependent term arises

(from within the spin-dependent term):
2c1n|&o|* €4 [1€2| cos A, (2.21)

where

A=0,+6_— 20 (2.22)

To minimize energy, the ground state must have A = 0 for ¢; < 0 and A = 7 for

¢1 > 0. As summarized in Table 2.2, we can thus always rotate to a real spinor.

13
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Parameters | 6, Transformation Rotated Form

c1<0,¢& Oy +0-)/2 e 04 H0-)/2miF: (04 —0-)/2 €41, &l 16T

cr>0,8 | (04 +0-+7)/2 | e A0 mm2em il 0 m0Am2 {16, | 6o, —[€-[]"

a>0¢ |- e (Ot 0) Rl 0: 20202 (1610, 111"

Table 2.2: Rotating arbitrary spinors to real spinors, where we have introduced the
special case of & = [|&,|e+,0, |€_|e?-]T. For spinors with the m-th spin component

fully occupied, just a global phase rotation e~ is required.
2.2.3 Phase diagram

A variety of ground state phases emerge from the competition between the spin-
dependent interaction (i.e. ¢;n) and the external magnetic field (i.e. p and ¢). For
spin-1 there are four distinct phases distinguished by their magnetization, both the
component of magnetization along the direction of the external field (f.), and the

component perpendicular to it,

fr=\ R+ 15 (2.23)

The ground state order parameter is found by first finding the stationary solutions of
the GPE, and from these the stable ground state solution is determined by which has
the lowest energy. These properties are summarized in Table 2.3, and the parameter

regions where each phase is the predicted ground state is shown in Fig. 2.2.

We note that in the AF and BA phases, the magnetization varies continuously. For
AF, 0 <|f.| < n.In BA, the spinor is rotated away from the z-axis to develop f; > 0.
Rotating the spinor by an angle of 7/2 into the = — y plane puts the system along the

p = 0 line. Here, the magnetization is

fir= nm (2.24)
= 2|f1 kAR VR (2.25)

This shows that, along p = 0, the BA phase has 0 < f, < n. We define an analagous

a, =+/1—(f./n)2. (2.26)

where we have defined

quantity to ¢ for the AF phase,
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2.2. Mean-field description

The detailed derivation of the ground states and the phase diagram is too lengthy to
present here, and we refer the reader to the excellent summary given in Sec. 3.3 of
Ref. [28].

(a) c1>0 (b) c1<0
plcin A p/lcin
F . F
p =4q+ 5C1N
1
/D" = 2cing
AF /
} > >
1/2 q/cm q/lcin
P
—1
F F
p’=q*—2cing

Figure 2.2: The zero temperature phase diagram of a spin-1 Bose gas in a constant
magnetic field, for cases with (a) antiferromagnetic interactions (i.e. ¢; > 0), and (b)
ferromagnetic interactions (i.e. ¢; < 0). The vertical and horizontal axes are the linear
and quadratic Zeeman energies (see text) in units of |¢q|n, where n is the condensate
number density. The phases shown are (F) ferromagnetic, (P) polar, (AF) antiferro-
magnetic, and broken-axisymmetric (BA) (see Refs. [28, 34]). The rotational symmetry
about the direction of the applied field is spontaneously broken in the AF and BA

phases.
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Chapter 2. Spin-1 Mean-Field Theory

Phase Properties

Ferromagnetic (F) Fully magnetized |f.| = n, |f.] = 0. £ = [1,0,0]7 or
[0,0,1]7.

Polar (P) Unmagnetized |f,| = |fL| =0. & =[0,1,0]7

Antiferromagnetic (AF) Partially magnetized |f.] < n, |f.] = 0. Conden-

sate spinor has non-zero components in the mp = +1

sublevels.

Broken-axisymmetric (BA) Partially magnetized, but tilts to the z axis giving f| >
0. Condensate spinor has non-zero components in all

sublevels.

Table 2.3: The phases of a spin-1 BEC in a constant magnetic field, as presented in

Fig. 2.2, categorised according to their magnetization.

2.2.4 Symmetry

The symmetries of the condensate spinor are not easily seen by just looking at its
components. To visualize these symmetries, it is helpful to use the spherical-harmonic

representation

U(3) =) & Y(8), (2.27)

where 5 is a unit vector in spin space, i.e. (fs, fy, f.) space. For our system with F' = 1,

we use the three spherical harmonics

VY = ;\/gcos(ﬁ), (2.28)
m

Yljﬂ::F;\/geiw sin(#). (2.29)
Using Eq. (2.27), we can generate a surface plot of [¥(8)|? and colour it with arg ¥(8).
This gives us a 3D representation of the spinor which can be used to compare the
symmetry of the condensate within different phases. We can easily tell whether different
order parameters have the same symmetry by seeing if they can be rotated onto each
other. Throughout Chapter 5, we show the spherical-harmonic representation of the
spinor in all four magnetic ground states. This reveals the symmetry of these phases

and how they relate and transform between each other.
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2.2. Mean-field description

2.2.5 Nematic tensor

In addition to the spin density, an important characterization of the condensate order

is provided by the nematic tensor

qop = nETQaﬁga (230)

where Q5 = 3 (FoFg + F3F,) is a 3x3 matrix for each pair of o, 5 € {z,y,z}. The

nematic tensor is symmetric, and thus has six independent components.

1o} Lo -1 10 0
er: 0 0], ny_ 0 1 0 ) sz: 00 01,
%O% _% 0 % 0 01
00 -1 X 0 5+ 0 Z_ 0 -2 0
Qxy:i 0 0 0 s szzi % 0 _% ) Qyzzi 1 0 : (231)
1 \/§ 1 \/5 ’ 1 ’
10 0 0 -3 0 0 -1 0
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Chapter 3

Spin-1 Bogoliubov Theory

In this chapter we develop a framework for understanding the collective excitations
that appear on top of the condensate. Our motivation for this is that we want to access
information revealed by fluctuations about the mean values of measurable quantities.
Firstly, we briefly review the derivation of the quasiparticle amplitudes by constructing
the Bogoliubov Hamiltonian and diagonalizing it. The resulting solutions give three
quasiparticle ‘spin mode’ branches, and we present analytic results for the four magnetic

phases of the spinor BEC.

3.1 Constructing the Bogoliubov Hamiltonian

To construct the Bogoliubov Hamiltonian, we substitute the field operator decompo-
sition given by Eq. (2.14) into the initial Hamiltonian in Eq. (2.2) and keep terms up
to second order in d,, (i.e. up to terms with four field operators where two are non-
condensate). Since we are considering the uniform system, it is helpful to expand each

field operator in the plane wave basis as

A

1 .
V(X) = —= Y Grme™™. (3.1)
TV
The ay,, operators satisfy the Bose commutation relations

[&krrm le(Qm/] = 5kk’6mm’7 (32>

[kcn, @t r] = [y s r] = 0. (3.3)
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Chapter 3. Spin-1 Bogoliubov Theory

Assuming we have a BEC, we have macroscopic occupation of the k = 0 mode, thus

we make the substitutions:

by mlom — No&lbom, (3.4)
1y @ G0,0800,00 — No(No — 1)En &b, (3.5)

where, for a system with a fixed number of atoms NN,

No=N— Y al,aum, (3.6)
k#0,m
No(No — 1) = N*—2N Y af, im. (3.7)
k#0,m

We keep only first order terms in these sums (higher ones are beyond quadratic order

in operators). After further calculation, we get the Bogoliubov Hamiltonian,

. 1 o [Hy +HW)] H® Ay
H* = 2 2 (ali a—k) @)1 W+ | | at
k#0,m,m’ [H ] [Hk + H } Ak

1
+ Ey— = > Tr[Hy + HY], (3.8)
2 k#£0

where

Ey=N {—pfz/n [l + 16 ] + 5 oo+ ex (1 |6 25+§_|2)]} . (39)

is the condensate energy-functional, and we have defined

(ex —p)—p+q 0O 0
Hy = 0 (€x — 1) 0 : (3.10)
0 0  (x—p+p+tgq
where
p=—pfa/n+q(l = 1&[*) + (co +cr)n — en|€f — 2606, (3.11)

is the chemical potential of the condensate. We also define
&P —&& &y
HY =n(co+a)p+1) —2em | g6 6> —€64 | (3.12)
ST

0 0 1
H® =n(co+c1)p+an(& —266) |0 -1 0], (3.13)
1 0
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3.2. Diagonalizing

(p)mm’ = S’mg’:;z’? (3-14)
(ﬁ)mm’ = gmfm’a (3'15)

with the free particle energy €, defined as

e = RPE*/2M. (3.16)

3.2 Diagonalizing

We diagonalize the Bogoliubov Hamiltonian using the Bogoliubov transformation

lyem = Z Ukmp Oy + ijmy&"._kyj (317)

i vy = DU 61 40, + Vit (3.18)

where &y, and dtky are quasiparticle mode operators. We can write this in matrix

é—T_k Vk Uik dT_k ‘ ‘

It is convenient to use the columns of the U and V' matrices, i.e. we write

form as

Uk = [uk, ], (3.20)
Vi = [Vin], (3.21)

where uy,, vy, are 3 x 1 vectors, with v € {0, 1,2} the spin-branch index. Enforcing

Bose commutation relations on the quasiparticle operators, we can invert Eq. (3.19) to

get
by = uf, By — vl a0 (3.22)
OAKT_kl, = V:fk,,ék - ufk,,éiw (323)

which shows that the quasiparticle excitation operators are linear combinations of the

boson field operators. Using this transformation, we end up having to diagonalize the

u v v
o, ME ( K ) — B, (“k ) , (3.24)
Vky Vkv
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Chapter 3. Spin-1 Bogoliubov Theory

1 0
o, = (O _1) ) (3.25)

(3.26)

where

and

We get six solution branches, only half of which satisfy the orthonormalization condition
imposed by the commutation relations. This gives us our three excitation branches (i.e.
v=20,1,2).

We note that, in general, the eigenvalues can be complex. If they are not real-valued,
then this indicates that the mean-field condensate is not the true ground state and
the system is dynamically unstable. In this situation, the quasiparticles with largest
imaginary part undergo exponential growth and destroy the BEC. For our purposes,
we are interested in the modes that have positive real-valued energies, which means
we always calculate the correct ground state spinor for the phase we are in before we

diagonalize to find the quasiparticle amplitudes.

3.3 Quasiparticles

Here we give an overview of the known analytic forms of the quasiparticle excitations
for the four ground state phases of the condensate, following Ref. [28] but labelling the
spin modes to be consistent with our analysis in Chapter 5. We have analytic forms for
the F, P, AF, and BA phases, although only for the case of p = 0 in the BA phase [28].
For the F and P phases, we also have analytic forms for the amplitudes (see Ref. [28]).
In general, for the AF and BA phases these are quite complicated and analytic forms
have not been published to our knowledge, although the equations describing them are
detailed in Ref. [66].

For the F, P, AF at f. = 0 and BA at p = 0 phases, the quasiparticle amplitudes are
given in Sec. 5.2 of [28], and in [66] for BA with p # 0.

For the AF phase, we have derived analytic low k limits for the quasiparticle amplitude

differences that we need in subsequent chapters. For 0 < ¢; < ¢y, they are
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3.3. Quasiparticles

[Uko — Vio)e = 11{; [1i{f <1¢ ii) 2] \/? (3.27)
Vit L, 35\ a] VG
[ —Via ]+ = W[ﬂ—no + 4n> Cj 5 (3.28)

where £, and &, are the density and spin healing lengths defined respectively in Egs. (2.13)
and (2.12). These expressions reduce to the result in [28] for f, = 0 and small k.

For the analytic results in the BA phase (at p = 0), we have defined

Q=2(cin)*(1 — %), (3.29)
Ay = \/[(Con —3lci|n)ex — 9]2 + 4lcr|n(con — 2|c1|n) @ (ex)?. (3.30)

We note that we have derived these results independently and verified them numerically,

and as a result we have corrected some minor errors in the AF and BA results of
Ref. [28].
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Spin-1 Bogoliubov Theory

Phase v Energy spectrum FEy, ul v,
0 Vex(ex +2(co + c1)n) (u,0,0) (v,0,0)
F 1 | ex+2p—2ein (0,0,1) | (0,0,0)
2 €k +p—q (0,1,0) (0,0,0)
0 ex(€ex + 2con) (0, u,0) (0,v,0)
P 1 V(ex +q)(ex +q+2cin) —p (u,0,0) (0,0,v)
2 V(ex + q)(ex + g+ 2c1n) +p (0,0, u) (v,0,0)
?:t \/6k [Gk +(co+ci)n=£ n\/(co —¢1)? 4+ 4degey f2 (u,0,u) (v,0,v")
AF
2 V(e —q+ein)? — (1= f2)(cin)? (0,u,0) (0,v,0)
BA 0,1 \/ek(ek—l—con—i— ler|n) + Q£ Ay (u, v, u) (v,v',v)
(p=0)
2 ex(ex + Q) (u,0,—u) | (v,0,—v)

Table 3.1: Quasiparticle excitations, labelled by spin mode v, showing their spectrum

and the general form of their uy, and vy, amplitudes. We have dropped the v subscript

on the amplitude components u, v, u’ and v’ for brevity. Further details can be found in
Sec. 5.2 of [28], and in Refs. [66, 72]. We have used ¢ as defined in Eq. (2.25) and the free
particle energy €y as defined in Eq. (3.16). The v € {0, 1} modes in the BA phase have

an avoided crossing. For these energies: before the crossing, we take 0 — — 1 — +;

after the crossing we switch to 0 — +,1 — —.
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Chapter 4

Spin and Density correlations

In this chapter we look at generalized density correlation functions, creating a formalism
to describe fluctuations in a general multicomponent spinor gas. We separate out the
behaviour of the correlation function into coherent and incoherent parts, which each
become dominant at certain length scales. We use this correlation function to define a
generalized static structure factor, whose behaviour we shall explore in Chapter 5 and

then use in Chapter 6 to characterize fluctuations within measurement cells.

4.1 Observable

Our interest lies in the fluctuations that occur in the total and spin densities of the
system, as characterized by the observables given in Egs. (2.3) and (2.4). We will

generically represent these observables as

(%) = B (X)W (x), (4.1)

where W is a 3x3 matrix.! In the low temperature regime of interest the mean value

is determined by the condensate and is spatially constant, i.e.
w = ((x)) = nEWE, (4.2)

and in what follows we consider the fluctuations about this mean value.

n this thesis we will consider the cases of W € {1,F,,F,,F.}, i.e. (x) being the total density

or a component of the spin density.
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Chapter 4. Spin and Density correlations

4.2 w density-density correlation function

The spatial fluctuations of w are characterized by the two-point correlation function

Cu(x — X)) = (00(x)dw (X)), (4.3)

—~

where we have introduced the fluctuation operator

I (x) = w(x) — w. (4.4)

Because we consider a uniform system, C, only depends on the relative separation of

the two points.

It is convenient to use the Bose commutation relations to rewrite the correlation func-

tion in the form

Cup(x —x') = (- d(x)0w(x") ;) + w? d(x — x'), (4.5)

where
w? = (0 W(x) = ng'We, (46)
The delta-function term in Eq. (4.5) represents the autocorrelation of individual atoms
(shot noise), and a completely uncorrelated system is one in which C,(r) = w? §(r).

The normally ordered term in Eq. (4.5) thus represents the correlations arising from

quantum degeneracy and interaction effects.

4.3 Static structure factor

The w static structure factor is defined as

1 « /
Sw(k) = N dx dx’ Cyy(x — x') e~k (4.7)
(0w OW_y)
= (18)
Here dy is the Fourier transformed fluctuation operator
S = / dx e~ (x), (4.9)
~ VN (6t + 05,00 ,) | (4.10)
where
Sthy, = ETWuy, — v, WE, (4.11)
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4.4. Results for Spin-1

is a quantity we will refer to as the w fluctuation amplitude. In obtaining Eq. (4.10),

we have substituted the field operator expansion Eq. (2.14) into Eq. (4.4) to get
0i(x) = V1Y Wann (§50n + a0l ) + 3 Wonn(8,00) + 32 0L, Wnnds,  (4.12)
and then neglected higher order terms in the quasiparticle operators, giving
0id(%) % V1> Wi (§5,00 + 401,) . (4.13)

which should be a good approximation at low temperatures. Using our Bogoliubov
formalism from Chapter 3, we can write the non-condensate operator as

. ; 6ik~x

(%) = Y (Wb + vi,d'y,)

KA vV

Substituting this into Eq. (4.13) and taking the Fourier transform, we get Eq.(4.10).

(4.14)

The static structure factor is then given by

Ey
LK) = S |t |2 th( ) 41
Sull) = 3 It coth (522 (115)
where we have used that 5o
N N kk’/Ovy’
(6w biaerr) = B ksl _ 1 (4.16)

with 04, the Kronecker delta.

In the high k£ limit, where the kinetic energy is large compared to the thermal and
interaction energies, only the uncorrelated part of C, contributes and from Eq. (4.7)

we have

Su(k — 00) = iu)? (4.17)

We refer to this as the uncorrelated limit of the structure factor.

4.4 Results for Spin-1

We now specialise our general formalism of this Chapter to the case of total and spin

density fluctuations, adopting the notation

W — {#, fo, fy, [}, (4.18a)

W — {1,F,,F,,F.}, (4.18b)
Sy — {071y 0 futers O fyters O fxew } (4.18c¢)
Sw(k) = {Sa(k), Sz (k), S, (k), S.(k)}. (4.18d)



Chapter 4. Spin and Density correlations

Using our analytic results from Chapter 3, and aided by Mathematica, we have con-
structed the Bogoliubov Hamiltonian and diagonalized to find the quasiparticles for
each phase. From these we form expressions for the relevant structure factors. For each
structure factor we find a limiting expression for the low k and high k& behaviour. These

results have been checked against known analytic results.

We have also implemented Python code to diagonalize the Hamiltonian at each point
on a k-grid. From this we can numerically construct each structure factor and we
have checked our limits against these numerical results and found agreement to within

numerical precision.

Numerically implementing our formalism required a significant amount of coding. To
analyze a point on the phase diagram, we take as input the interaction parameters,
f» magnetization, quadratic Zeeman and linear Zeeman parameters. We then compute
the correct ground state spinor, and construct the Bogoliubov Hamiltonian on a k-grid.
When diagonalizing, to look at fluctuation amplitudes it was necessary to correctly

order the resulting energies across the k-grid.

We made use of the NumPy libraries to efficiently represent our data. The NumPy
diagonalization method we used (numpy.linalg.eig) is efficiently implemented using
low-level LAPACK routines in Fortran, and meant that our code runs in a few minutes

for k-grids of order 10° points.

We summarise our extensive analytic and numeric work on the limiting expressions of
the structure factors in the Tables that follow. In Table 4.1, we detail expressions found
for the low k behaviour of the fluctuation amplitudes dy, for each spin mode v and
operator w. In Table 4.2, we detail our results for the low k& and high £ limits — with
T = 0and T > 0 limits for low k — for all the structure factors S, (k). Both Tables
comprehensively detail the limiting behaviours and effects of the three quasiparticle
modes throughout the (p,q) phase diagram of the uniform spin-1 condensate. In the
following Chapter we go beyond these analytic limits and numerically explore the

excitations and fluctuations of the four ground state phases in detail.
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4.4. Results for Spin-1
~ 2
Phase | Obs.(s) |6ty |
v=20 v=1 v=2
R €k
n, f= 2(co + c1)n 0 0
F
i 0 0 1
fas Iy 2
k&n
i El ’ ’
P N
£ 0 0 0
N 0 _ _
fos fy 2/1+ 2c1in/q 2/1+ 2c1n/q
| LEe\ke | 2 P2’k 0
n 212 cp 2 n? n? 03/2 2
AF . 72 [eke, L2 3f2al) ke .
fz n2 co 2 n2 2n2 Co 2
. E2Y
fo—t 0 0 1 ( l+a, > g2
- 2\1ta, —q/aan/) an
5 _k 0 P (e
7 2(cop + c1)n (1—=¢)32 \cin
R 1 €x 0 7
BA fa 1—q2\ 2(co +c1)n VI
(p=0)
: 0 Titg /L 0
fy 2 €k
1 - €k
A 0 — — —
7. 50—/, 0
Table 4.1: Small k£ limits of fluctuation amplitudes. For 72 and f, in the AF phase, the

results are the first terms in an expansion for ¢; < ¢g. Where the entry is zero, the

fluctuation amplitude is zero for all k.
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Phase Obs.(s) Suw(k = 0)
Sw(k — 00)
T=0 T>0
. €k k?BT 1
. n J2 2(co 4 c1)n (co+c1)n
- 1 kT 1
Jas [y 2 Eg,2 2
k& ksT )
n 2 Con
P N
I 0 0 0
1 S a3 2
y (RSO T 1
x5 Jy V14 2c1n/q q(q +2c1n) 2 q(q +2c1n) — p
2 (1 [ 12 P\ ke, kT
A 1+ (224 i f—; a Ken B 1
n 2 co n? \ ¢ 2 Con
AF A L a2 fe| ke kT .
f n? 2n2 cp n?2\ col| 2 cin
. 1 1+ a, EAE cin k262 1+, kgT 1
fo—t — ( ) &2+ q, NG £ ( ) -(1ta,)
Fyom 2\1+a, —qg/an can By 2 l+a,—q/aan/) an 2
€k kBT 1
n 2(co +c1)n (co+c1)n
. q 1 x 1 24> \ kpT
BA f = + = + — 1
z Vi—@ 1-¢V 2(co+ci)n (co+ci)n  |an) 1—4
(p=0)
1 » q kT .
N Z(1 = 1 (1
7, s+ o (1+a)=— 5(1+4)
1 e kT -
: S(1-q), /& 1- g8~ S(1-
7. s =Dy, (1-a)= (1-9)

Table 4.2: High and low £ limits of the structure factors. In the £ — 0 limits we

distinguish between 7' = 0 and T" > 0 results: In the 7" = 0 case we give a k expansion,

whereas for T' > 0 we give the structure factor value at £ = 0. For 17 and fz in the AF

phase, the 7" = 0 results are the first terms in an expansion for ¢; < ¢y and the finite

T results are valid for |f.] < n. Note: in terms of |ci|n we have e = 1k%&2|cy|n.
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Chapter 5

Excitations and Fluctuations

In this Chapter we expand on our analytic results detailed in Tables 4.1 and 4.2 to
fully explore the excitations for the ground state phases shown in Fig. 2.2, and how
they manifest in the various structure factors. As we did at the end of Chapter 4,
we specialise our general formalism to the case of total and spin density fluctuations.
In the next subsections we discuss the various phases, their excitation spectra and

fluctuations.

5.1 Parameter choice

With reference to Table 2.1 in Sec. 2, the most commonly realised spinor condensates
of ¥ Rb and ?*Na atoms have spin dependent interactions which are much smaller than
their spin independent interactions. Additionally, *Na has ¢; > 0 (i.e. antiferromag-
netic interactions), while ’Rb has ¢; < 0 (i.e. ferromagnetic interactions). Here we
choose to present results using ¢y = —250c¢; for BA, within the range of experimental
predictions for 8Rb, and using ¢y = 50c¢; for the other phases, within the range of
experimental predictions for 2Na. We adopt the spin healing length [see Eq. (2.12)] as
a convenient length scale, noting that for our choice of parameters it is a factor of v/50
or /250 larger than the density healing length [see Eq. (2.13)].
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Figure 5.1: Bogoliubov dispersion relations in the F phase. Subplots (a) and (b) fo-
cus on different ranges of k& values. We show the phonon (black solid line), magnon
(blue dashed line), and transverse magnon (red dash-dot line) branches of the exci-
tation spectra, and attribute these the indices v = 0, 1,2, respectively. Parameters:

p=15cn, q = —cin, cg =50cq, ¢; > 0.

5.2 F phase

5.2.1 Condensate and excitation spectrum

The F phase occurs for both ¢; > 0 and ¢; < 0, and in this phase the condensate is
completely magnetized in the mp = 1 or —1 states depending on the value of p [see

Fig. 2.2(a), (b)]. We will focus on the case p > 0 with atoms in the mpr = 1 state
¢" = [1,0,0]". (5.1)

Here we have chosen &F to be real. The most general form of this state is obtained by
applying an arbitrary gauge transformation eX° and a spin rotation about the z-spin
axis (i.e. e =X1) to €¥ (see Fig. 5.2). Because the F phase is axially symmetric these

transformations leave the properties of the condensate, and its fluctuations, unchanged.
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5.2. F phase

The nematic tensor [see Eq. (2.30)] for &F is

20
¢ =n|o0 1 (5.2)
0 0
\
\ 27('
s
\\
\ 3m
| | !
z \\
\\ 5
s
\
\
| T
-
- - 0
x Y

e

Figure 5.2: Surface plot of the spherical harmonic representation of the F spinor in
spin-space [see Eq. (2.27)], coloured according to phase. Note the full axial symmetry

about the z spin axis. We can see the spin-gauge symmetry in that a rotation about z
is the same as a 27 phase winding.

An example of the excitation spectrum for the F state [28] is shown in Fig. 5.1. This
spectrum has phonon (index v = 0), magnon (index v = 1), and transverse magnon

(index v = 2) branches.! The phonon mode is the Nambu-Goldstone mode for this
phase and resides entirely in the mp =

1 component. The phonon is magnetic field

independent and corresponds identically to the phonon mode of a scalar gas, but with
an effective interaction of

co + ¢1 = dmash® /M, (5.3)

corresponding to the scattering length of the spin-2 channel.

1'We identify the phonon branch as that having the largest contribution to the density fluctuations.
For the case that the condensate has an average spin we denote the magnon modes as transverse or

axial if they give rise to fluctuations that are solely transverse or axial to the mean spin, respectively

(c.f. [73]).
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The magnon modes have energy gaps

E§,1 =2p —2c¢yn, (5.4)

Eg,z =pP—4q (5.5)
for v = 1 and 2, respectively. These branches have quadratic dispersions, and are
magnetic field sensitive (e.g. revealed by the dependence of Ej |, E; , on p and ¢).

We now consider how these modes relate to fluctuations in the system for the ob-
servables of interest. This is most easily seen by examining the fluctuation amplitudes
(i.e. 0wy, ), which reveal the contributions from the various excitation branches. By
summing over these according to Eq. (4.15) the relevant static structure factors are

then computed.

5.2.2 Fluctuations in n and f,

Because the condensate resides entirely in the mp = 1 level we trivially have F,&¥ =
1€ so that [from Eq. (4.11)] the fluctuation amplitudes 67, and §f, ., are identical >
The results in Fig. 5.3(a) demonstrate that fluctuations in these quantities are entirely
due to the phonon mode, with no contribution from either of the magnon modes.
The (identical) static structure factors for density and axial spin are shown in Fig. 5.4(a)
for several temperatures, with analytic limiting results given in Table 4.2. This behavior
is similar to that of the density static structure factor for a scalar Bose gas, with the
phonon speed of sound set by the scattering length of the spin-2 channel (¢ + ¢1). For
example,

Sp(0) = kT /[(co + c1)nl, (5.6)

and the uncorrelated limit [S, (k) — 1] occurs for wavevectors k > 1/¢,, at sufficiently

low temperatures [also see Table 4.2].

5.2.3 Fluctuations in f, and f,

The symmetry of the F phase about the spin z axis is reflected in the fluctuations of f,
and f, being identical. Only the transverse magnon mode contributes to the fluctuation

amplitudes § f;,y, as shown in Fig. 5.3(b). Because this mode is single particle like, i.e.

T
Uy = [07 17 0]7 (57)
T
Vie = 0, (58)
ZNote, for the F phase with the condensate in the mp = —1 state, which we denote as £}, then

F.eF = —1¢%.
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Figure 5.3: Fluctuation amplitudes for the F phase. Subplots (a) 07, d fzkm (b) ¢ kaV,

6 fyxv, as defined in Eq. (4.11). The modes (index v) have the same line types as in
Fig. 5.1. Other parameters as in Fig. 5.1.

the fluctuation amplitudes are constant valued with
|5f:c,k2| = |5fz,k2| = 1/\/§ (5-9)
Note that the v = 1 magnon mode is of the form

u,l{l = [07 07 1]7 (510)
vi, =0, (5.11)

and does not contribute to total density or spin density fluctuations.
The associated structure factors, S, and Sy, are shown in Fig. 5.4(b), with analytic
limiting results given in Table 4.2. These factors have a non-zero value for & — 0 at
T =0, ie.
T=0
Sy (k—0)#0. (5.12)

This behavior was also found for a two component system in Ref. [48], where the
magnon mode was also energetically gapped. The energy gap of the transverse magnon

mode delays the onset of thermal fluctuations to temperatures T 2 Ey ,/kg.
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Figure 5.4: Static structure factors for the F phase at various temperatures. Struc-
ture factors (a) S, and S, (which are identical) (b) S, and S, (which are also iden-
tical), as defined in Eq. (4.15). For temperatures of (from bottom to top curves)
T = {0,¢1,2¢1,¢0 + c1} xn/kp, as labelled in the inset to (b). Insets reveal addi-
tional detail for the lower temperature results at small k&;,. Other parameters as in
Fig. 5.1.

5.3 P phase

5.3.1 Condensate and excitation spectrum

The P phase occurs for both ¢; > 0 and ¢; < 0 [see Figs. 2.2(a),(b)]. In this phase the

condensate is unmagnetized and occupies the mpr = 0 level, with normalised spinor
¥ =10,1,0". (5.13)

The nematic tensor [see Eq. (2.30)] for £ is

10
¢ =n|0 1 (5.14)
0 0

o o O

The most general form of the P phase spinor is obtained by applying an arbitrary

gauge transformation and a spin rotation about the z-spin axis to &¥ (see Fig 5.5).
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5.3. P phase

Because the P phase is axially symmetric these transformations leave the properties of
the condensate, and its fluctuations, unchanged.

2

F

Figure 5.5: Surface plot of the spherical harmonic representation of the P spinor in

spin-space [see Eq. (2.27)], coloured according to phase. Note the full axial symmetry
about the z spin axis.

An example of the excitation spectrum for the P state [28] is shown in Fig. 5.6. This
spectrum is similar to the F phase [Fig. 5.1] in that it has a phonon (index v = 0)

and two gapped magnon branches (indices v = 1,2). The magnon gaps depend on the
magnetic field and are given by

Ey, =+/a(qg + 2cin) — p,

(5.15)
Egy = /al(g + 2cin) +p, (5.16)
for v = 1 and 2, respectively. The v = 1 magnon mode is of the form

U£1 - [U, 07 0]7 (517)

V£1 = [07 07 U]J (518)

while the ¥ = 2 magnon mode has
u£2 = 07 07 uj, 519)
Viy, = [1,0,0 (5.20)



Chapter 5. Excitations and Fluctuations

12 T T 50 | | | I

| | I/
(a) N (b) 7
N 10 b 1/&n, 1
\Q,O/Q ./
7 D
< 7l 30F |7 -
< 6l SEN o
S Ce o o
S I S 20_1/5 y |
= - :
52 Ve v~ /]
e IR U -
EP [ - 4X -7,
g71 V B 7~
O | | | | O I | | | |
00 05 1.0 15 20 25 0 2 6 8 10

4
43 k&

Figure 5.6: Bogoliubov dispersion relations in the P phase. Subplots (a) and (b) focus
on different ranges of k values. We show the branches of the excitation spectra for the
phonon mode (black solid line) and the two magnon modes as (blue dashed line) and

(red dash-dot line). Parameters: ¢ = 2.1¢1n, ¢g = 50¢; and p = 1.5¢1n, ¢; > 0.

The phonon mode resides entirely in the mp = 0 component and corresponds identically

to that of a scalar gas with an effective interaction of cy.

5.3.2 Fluctuations in n and f,

Because the condensate resides entirely in the mp = 0 level we have that the f,
fluctuations are identically zero [from Eq. (4.11)] to the level of approximation we
work at here, with the leading order term coming from the small terms we neglected
in Eq. (4.10). We do not consider a higher order treatment here, and take the f,
fluctuations to be zero.

The density fluctuations are entirely due to the phonon mode, which resides in mg = 0,
with no contribution from either of the magnon modes [see Fig. 5.7(a)] . The associated
static structure factor is shown in Fig. 5.8(a) for several temperatures, with analytic

limiting results given in Table 4.2.
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5.3. P phase

5.3.3 Fluctuations in f, and f,

Because the P phase is axisymmetric, the f, and f, fluctuations are identical, and
relevant fluctuation amplitudes are shown in Fig. 5.7(b). These results show that
both magnon modes contribute equally. The associated structure factors are shown
in Fig. 5.8(b), with analytic limiting results given in Table 4.2. Similar to the S, and
S, structure factors considered for the F phase, these are also gapped at £ — 0 and at

zero temperature.

1 | | | | | | | |
(b)
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Figure 5.7: Fluctuation amplitudes for the P phase. Subplots (a) 07, (b) 0 fr,k,j, ) fy,ky,
as defined in Eq. (4.11). Note 6 f. 1, = 0. The modes (index ) have the same line types
as in Fig. 5.6. Other parameters as in Fig. 5.6.
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k&S k&s

Figure 5.8: Static structure factors for the P phase at various temperatures. Structure
factors (a) Sy, (b) Si, Sy, as defined in Eq. (4.15). Note S, = 0. For temperatures of
(from bottom to top curves) T' = {0, ¢1, 2¢1, co} xn/kp, as labelled in the inset to (b).

Insets reveal additional detail for small k&;. Other parameters as in Fig. 5.6.
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5.4. AF phase

5.4 AF phase

5.4.1 Condensate and excitation spectrum

The AF phase occurs only for ¢; > 0 [see Fig. 2.2(a)]. In this phase the condensate

takes the form

EAF {\/;(1 + f./n),0, \/%(1 — fz/n)r, (5.21)

and has a z-component of magnetization given by

f2=p/e, (5.22)

for |p| < ¢in. The AF state breaks symmetry about the z axis, as can be seen from its

nematic tensor [see Eq. (2.30)]

11+ ) 0 0
" =n 0 ll-a)) 0 |, (5.23)
0 0 1

where « is defined in Eq. (2.26).
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N3

Figure 5.9: Surface plot of the spherical harmonic representation of the AF spinor
in spin-space [see Eq. (2.27)], coloured according to phase. Subplots are: (a) f,/n =
0.9, (b) f./n = 0.5 and (c¢) f./n = 0. Note the broken symmetry about the z-axis,
even though the magnetization is fully aligned — as discussed in the text, the broken

symmetry arises in the nematic tensor rather than the magnetization vector.
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5.4. AF phase

We note that ¢*F corresponds to ¢¥ (5.2) in the limit of a fully magnetized AF state
(i.e. f, = n). The most general form of the AF phase spinor is obtained by applying
an arbitrary gauge transformation and a spin rotation about the z-spin axis to €AY,
We note that the spin rotation changes the orientation of the nematic distortion in the
spin zy-plane (see Fig. 5.9).

An example of the AF excitation spectrum [28] is shown in Fig. 5.10. It has phonon
(index v = 0), axial magnon (index v = 1), and transverse magnon (index v = 2)
branches. The AF phase has two broken continuous symmetries giving rise to two
Nambu-Goldstone modes: in addition to the phonon mode arising from the broken
U(1) symmetry of the condensate, the broken axial spin symmetry (revealed by the
nematic tensor) yields a massless axial magnon mode. The axial magnon dispersion
mode crosses over from having a linear to quadratic dependence on k at a wavevector
of k ~ 1/, whereas the phonon mode crosses over at k ~ 1/&,. The transverse magnon

mode has an energy gap of

Egg = cln\/(l —q/cin)? — ol (5.24)
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Figure 5.10: Bogoliubov dispersion relations in the AF phase. Subplots (a) and (b)
focus on different ranges of k values. We show the phonon (black solid line), axial
magnon (blue dashed line), and transverse magnon (red dash-dot line) branches of the
excitation spectra, and attribute these the indices v = 0, 1, 2, respectively. Parameters:

q= —cin, ¢cg =50c¢; and p = 0.2¢yn, giving f, = 0.2n, a, ~ 0.98.
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Figure 5.11: Fluctuation amplitudes for the AF phase. Subplots (a) dn,, (b) 5]2,1(”,
(¢) 6 foxw, (d) 6 f, kv, as defined in Eq. (4.11). The modes (index v) have the same line
types as in Fig. 5.10. Other parameters as in Fig. 5.10.
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|
kT = 2cin

1 BT = cinY
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Figure 5.12: Static structure factors for the AF phase at various temperatures. Structure
factors (a) Sy, (b) S, (¢) Sy, (d) Sy, as defined in Eq. (4.15). For temperatures of (from
bottom to top curves) T' = {0, ¢1,2¢1,¢o} Xxn/kp, as labelled in the inset to (b). Insets

reveal the lower temperature results at small k&,. Other parameters as in Fig. 5.10.
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5.4. AF phase

5.4.2 Fluctuations in n

The density fluctuation amplitudes dny,, are shown in Fig. 5.11(a). These results demon-
strate that the density fluctuations are dominated by the phonon mode, although a
weak contribution arises from the axial magnon mode. This magnon contribution in-
creases as c; increases relative to ¢y and also depends on the axial magnetization f,
(note: the axial magnon and phonon modes decouple for f, = 0, and at this point the
magnon mode does not contribute to dny, ).

The density static structure factor (S,,) is shown in Fig. 5.12(a) for several tempera-
tures. This behavior is similar to that of the density static structure factor in the F
phase, except that the phonon speed of sound varies between the value set by con and

(co + ¢1)n depending on f,.

5.4.3 Fluctuations in f,

The axial spin fluctuation amplitudes ¢ fz,ky are shown in Fig. 5.11(b), and demonstrate
a dominant contribution from the axial magnon mode, and a smaller, but appreciable
contribution from the phonon mode. The associated static structure factor (S,) is
shown in Fig. 5.12(b). The general behavior is similar to the density fluctuation case,
but with the much smaller spin-dependent energy c;n being the appropriate energy
scale. Thus the fluctuations are more easily thermally activated and the uncorrelated

limit [S.(k) — 1] is reached at lower wave vectors k > 1/ [also see Table 4.2].

5.4.4 Fluctuations in f, and f,

The transverse spin fluctuation amplitudes, ie. 0 fx’kl, and o fy’kl,, are shown in
Figs. 5.11(c) and (d), respectively. Only the transverse magnon mode contributes to
these. The difference in the behavior of ¢ f:r:,ky and ¢ fyyky reveals the broken symmetry
of the AF state about the z-spin axis [c.f. Eq. (5.23)].

The associated structure factors are shown in Figs. 5.12(c) and (d). Similar to the S,
and S, structure factors for the F' and P phases, these also have a non-zero value for
k — 0 at T = 0. The energy gap of the transverse magnon mode delays the onset of

thermal fluctuations to temperatures 7' 2 EQQF Jkp.
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5.5 BA phase

5.5.1 Condensate and excitation spectrum

The BA phase occurs for ¢; < 0 [see Fig. 2.2(b)], and in this phase the condensate
occupies all three mp states. The results we present here are for the case of p = 0,
where the magnetization is purely transverse (i.e. f, = 0). This case has the advantage

that it affords a simpler analytic treatment [66, 72], allowing us to write the spinor as
T
;V1_~7\/;(1+Q)75V1_6:| ) (525)

where G is defined in Eq. (2.25). For our choice of a real spinor €84 the magnetization

€BA —

is along the z-spin axis. The most general form of the BA phase spinor is given by
an arbitrary gauge transformation and spin rotation about z-spin axis applied to &B4.
The nematic tensor for €84 [see Eq. (2.30)] is

1 0 0
@ =nlo0 J1+9 0 : (5.26)
0 0 s(1-4)

which reveals the broken symmetry of the BA state about the z axis (see Fig. 5.13)

due to the transverse magnetization,

fJ_:fx: \/1_527 (527)

where f) is defined in Eq. (2.23).

The Bogoliubov excitations of the BA phase have been investigated in several recent
papers [66, 72| (also see Appendix of [49]).® The excitations of the BA phase at p = 0
are shown in Fig. 5.14. Because the BA phase has two broken continuous symmetries,
the system has two gapless Nambu-Goldstone modes: a phonon branch (index v = 0)
and a transverse magnon branch (index v = 1). These two modes are decoupled at

p = 0. The transverse magnon has the energy dispersion [66]

Eyi = /ex(ex + q), (5.28)

i.e. independent of the interaction parameters, where the free particle energy is defined
in Eq. (3.16). Since the quadratic Zeeman sets the relevant energy scale for this magnon,

we define an associated length scale

¢, = h/\/Ma. (5.29)

3While various analytic results have been reported for the p = 0 case [66], the understanding of

the p # 0 case is based largely on numerical results [72].
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2m

NIE

Figure 5.13: Surface plot of the spherical harmonic representation of the BA spinor in
spin-space [see Eq. (2.27)], coloured according to phase. Subplots are: (a) ¢ = 0.01]¢;|n,
(b) ¢ = 0.5|¢y|n and (¢) ¢ = 1.5|ci|n. Here, axial symmetry is broken by the magneti-
zation vector and also by the nematic tensor (see text). As ¢ — 0 the spinor looks like

a rotated F spinor, while for § — 1 it becomes the P spinor.
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The last branch (index v = 2) is a magnon excitation with energy gap

B2 = 2ei|ny/1 - @ = 2f,|erfn. (5.30)

This gapped magnon does couple to the phonon branch, and they have an avoided
crossing, as revealed in Fig. 5.14(a) and inset. We have chosen to switch the labelling
either side of this crossing to match the labelling choice made in Ref. [72] and also
to ensure that away from the crossing the v = 0 mode has phonon character (i.e. a
dominant effect on density fluctuations). The coupling between these two modes is
small so that the avoided crossing occurs over a narrow range of k vectors, with the

energy gap between these branches being

Aczqdl—fﬂty, (5.31)

to lowest order in ¢;/cy.
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Figure 5.14: Bogoliubov dispersion relations in the BA phase. Subplots (a) and (b)

focus on different ranges of k values. We show the branches of the excitation spectra for

the phonon mode (black solid line) and the axial (blue dashed line, note the magneti-

zation axis is x) and transverse (red dash-dot line) magnon modes. Inset to (a) reveals

an avoided crossing between the phonon and transverse magnon modes. Parameters:

q=10.5]|ci|n, co = —250¢;, p =0 and ¢; < 0.
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Figure 5.15: Fluctuation amplitudes for the BA phase. Subplots (a) 07, (b) 5fz7k,,,
(¢) 6 foxw, (d) 6 f, kv, as defined in Eq. (4.11). The modes (index v) have the same line
types as in Fig. 5.14. Insets to (a) and (c) reveal additional detail for k&, close to the

avoided crossing. Other parameters as in Fig. 5.14.
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Figure 5.16: Static structure factors for the BA phase at various temperatures. Struc-
ture factors (a) S,, (b) S, (¢) Ss, (d) Sy, as defined in Eq. (4.15). For temperatures of
(from bottom to top curves) T = {0, |c1], 2|c1|, co + ¢1} xn/kp, as labelled in the inset

to (b). Insets reveal additional detail for small k€. Other parameters as in Fig. 5.14.
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5.5.2 Fluctuations in n and f,

From Fig. 5.15(a) we see that the dominant contribution to density fluctuations comes
from the phonon mode, although a contribution from the (gapped) axial magnon mode
occurs near the avoided crossing noted in the spectrum. In contrast the f, fluctuations
come entirely from the (Nambu-Goldstone) transverse magnon branch (v = 1) [see
Fig. 5.15(b)].

The structure factors S,, and S, are shown in Fig. 5.16(a) and (b), respectively, with an-
alytic expressions for the limiting behavior provided in Table 4.2. Interestingly, the long
wavelength fluctuations of the z component of magnetization is set by the quadratic
Zeeman energy, i.e. kT

5.(0) = (1= 9=~ (5.32)

This diverges for ¢ — 0 as the full spin rotational symmetry [SO(3)] is restored (noting

we have set p = 0).

5.5.3 Fluctuations in f, and f,

Because the magnetization lies along = for our choice of p and &€B*, fluctuations in f,
correspond to fluctuations in the length of the magnetization. Fig. 5.15(c) reveals that
both the gapped magnon mode and the phonon mode contribute to these fluctuations.
In contrast, fluctuations in f, are orthogonal to the direction of magnetization and
act to restore the axial symmetry [SO(2)] of the Hamiltonian. In Fig. 5.15(d) we see
that these fluctuations are entirely due to the (Nambu-Goldstone) transverse magnon
mode, and that these fluctuations diverge as kK — 0. The divergence is clearly apparent
in S, [see Fig. 5.16(d)], and is seen to go as k™2 for small k at finite temperature [see
Table 4.2].

4The rapid variation in {070, 07 } and {5]';71(0, 5]'7%1(2} for k =~ 0.12/&; occurs because the phonon
and transverse magnon hybridize near the anti-crossing. We emphasise that summed contribution of

these fluctuations to the relevant structure factors is smooth.
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5.5. BA phase

5.5.4 BA phase for p #0

We conclude by briefly commenting on the qualitative behavior for p # 0. In this
case the condensate magnetization tilts out of the xy-plane and the Nambu-Goldstone
branches (i.e. ¥ = 0 and v = 1 branches) become coupled (c.f. at p = 0 where the only
coupling is between the v = 0 and v = 2 branches, giving rise to the avoided crossing).
In Ref. [72] this occurrence was referred to as phonon-magnon coupling. As a result of
this coupling the ¥ = 1 mode contributes to density fluctuations, and the v = 0 mode

contributes to the f, fluctuations.
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Chapter 6

Measuring fluctuations in

finite cells

In this Chapter we apply our understanding of structure factors to a concrete exper-
imental system of a quasi-2D spinor condensate. We consider making experimental
measurements of this system; specifically, measuring the number of atoms or a total
spin component within a measurement cell of finite volume. The size and shape of
the measurement cell is an important consideration because it affects which parts of a
structure factor contribute to fluctuations within the cell. We also explore the various
limiting cases that exist for different sized cells independent of their precise shape. We
present comprehensive analytic limit results, and compare them with full numerical

solutions in all four magnetic ground state phases.

6.1 General theory

Let us consider making measurements in a localised region of space of a spin-1 Bose-

Einstein condensate with observables that can be expressed as
W, = / dPx o(x)i(x), (6.1)

where the weight function o(x) describes the localised cell in which the measurement
is made and w(x) is a generalized density operator of interest as defined in Eq. (4.1)
[also see Fig. 6.1].

The variance in W, is given by
AW? = (W2 — (W,)2 (6.2)
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Figure 6.1: Schematic illustration of fluctuation measurement for a quasi-2D spinor
condensate. Within a small cell of radius R (e.g. a cylindrical cell, indicated by green
boundary walls) an operator of interest is measured. For example, the total number of

atoms or the total components of spin.

This can be evaluated as
AW? :/de/de’a(x)a(x’) (dw(x)dw(x")) , (6.3)

where the fluctuation operator 0 (x) = w(x) — w was defined in Eq. (4.4). The cor-
relation function appearing in Eq. (6.3) is the same as the one defined in Eq. (4.3),
le.

(0 (x)dw(x")) = Cp(x — x'). (6.4)

For the homogeneous system, it depends only on the relative separation r. This means

we can carry out the first of the two spatial integrals in Eq. (6.3) to get

AW? — / iPx / P o (x)o (x) Oy (x — ) = / P 7, (v)Co (1), (6.5)

where we have defined the geometry function

7 (1) E/de/de'a(x)a(x')é(x —x'—r). (6.6)

We can then Fourier transform to get

AW? =n / %Sw(k)ﬁ,(k), (6.7)
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6.2. Cell weight function

where 9

7, (k) = | / dPx e~ %o (x)| (6.8)

is the Fourier space geometry function of the cell o, n = N/V and S,,(k) is the w static

structure factor as defined previously in Eq. (4.7).

6.2 Cell weight function

The integral of the weight function

V, = / dPx o(x), (6.9)

defines the D-dimensional effective volume of the cell. To ensure that we get Poissonian
number fluctuations for uncorrelated atoms, we set N, = nV,, and require that AN? =
N, when S, (k) = 1. This gives us
avz=n [ S 500500 = nr(@) = 3 [aota, (610)
=n | —=5.(k)7(k) =n7,(0) = — o , .
7 (2m)P Vs

which leads to the normalization condition of the weight function

Vo= [ dPxotx) = [ aPxlo) (6.11)
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6.3 Quasi-2D system

We now specialize our theory to the D = 2 case of measurements made in effectively
2D cells in a quasi-2D system, specifically a spin-1 Bose gas in a harmonic trap with
a so-called ‘pancake’ geometry, as schematically shown in Fig. 6.1. Such a system has
been realized, along with precise number fluctuation measurements, for a scalar gas of
Cs atoms in Cheng Chin’s lab at Chicago [43].

The pancake trap geometry consists of a tight harmonic potential along the quantiza-
tion axis (which we take to be the z-axis) and a weak ‘in-plane’ harmonic potential
(which we take to be the  —y plane). This system is physically three-dimensional, but
if the z trap is strong enough then excitations in the z direction become energetically
unreachable, and the system will become frozen in the harmonic oscillator ground state
in the z direction.

We go through an analysis of this situation in Appendix A, and conclude that we can
approximately treat the central condensate region using our general uniform spin-1
theory by choosing appropriate parameters. The appropriate parameters, which we
will consider for the rest of this Chapter are the effective 2D interaction parameters
2P and 2P, the 2D areal peak density, and a chemical potential shifted by the z trap’s
energy.

We note that a BEC is technically forbidden from existing at finite temperature in an
infinite 2D system [74, 75]. However, we can safely ignore finite-size effects as long as
the fluctuation integral Eq. (6.7) converges in the limit that we integrate down to k = 0

(i.e. an infinite system).

6.4 Cells in a quasi-2D system

Experimental measurements of cold-atom systems are always limited in their resolution
and thus encompass a finite measured volume instead of being precisely at one point
in space. Here we discuss the two types of cell we consider to approximate such finite-
resolution measurements of a quasi-2D gas, illustrated in Fig. 6.2.
(i) Cylindrical cell: contains all points (with equal weight) in a disc of fixed radius R
from the cell centre as schematically indicated by the green cell boundary in Fig. 6.1.
For this case we have

o(x) = 0(R* — |x|?), (6.12)
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where 6 is the Heaviside step function, giving a cell volume of V,, = 7 R?. The geometry
function is R (RE)

7.(k) = k—; (6.13)
where J; is the first order Bessel function of the first kind. This type of hard cell
has been considered in previous theoretical studies (e.g. see [48, 76-79]). Of particular
relevance are the results of Klawunn et al. [78] for disc-shaped cells in a quasi-2D scalar
condensate.

(ii) Gaussian cell: density contributions are weighted by distance from cell centre
with Gaussian weight,

o(x) = 2exp(—|x|*/R?), (6.14)

where R is the radial length scale over which the weighting falls by a factor of 1 /e, giving
a cell volume of V,, = 2rR?. This cell shape approximates the effect of measurements
made with a real imaging system of finite resolution (e.g. see [43-45]), with R being

related to the resolution spot size. For this case

7,(k) = AT’ Rle F /2, (6.15)

6.5 Thermodynamic Limit

For sufficiently large cells 7,(k) becomes concentrated near k = 0 and the fluctuations

cross over to the thermodynamic limit expression
AW? = N,kpT X, (6.16)

where N, = nV, is the average number of atoms in the cell and we have introduced a

generalised static susceptibility,
Xw = Su(0)/k5T. (6.17)

This result is valid when the dimension R of the cell is much larger than any microscopic

length scale of the system, i.e. healing and thermal length scales.
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Figure 6.2: Weight and geometry functions for R = 2&;. Subplots: (a) and (b) are

weight functions, (c¢) and (d) are geometry functions (momentum space) and (e) and

(f) are the geometry functions multiplied by the cylindrical Jacobian, 2 |k|. Left and

right columns are for cylindrical and gaussian cells, respectively. In (c) and (d) we see

different decay rates — the cylindrical geometry function has a slow algebraic decay

in momentum space (~ k~2), while the geometry function of gaussian cells decays

exponentially.
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6.6 Quantum Fluctuations: Small Cells

Classically, we expect all fluctuations to vanish at zero temperature. However, quantum
mechanically, fluctuations persist. These quantum fluctuations are dominant in regimes
where thermal effects can be neglected (i.e. here we take 7' = 0). It is convenient to
treat large cells, where collective modes dominate, separately from small cells where
we recover a quantum shot noise limit. Here we consider the small cell regime, and
discuss the large cell case in the next section. The length scale &, that defines the
cross over between small and large cells depends on the phase and observable under
consideration, and is also given in the next subsection (i.e. &g or &g).

For k> 1/£; the structure factors approach the incoherent value [see Eq. (4.17)]
Sw(k — 00) = ETW2¢, (6.18)

which is dependent on the condensate order parameter [c.f. the familiar result of S,,(k —
o0) = 1 for density fluctuations]. For sufficiently small cells (R < &), 7, (k) spreads
out so much that result (6.7) is dominated by the incoherent value of S, (k), and the

fluctuations approach the quantum shot noise value

AW? = N, S, (o). (6.19)

6.7 Quantum Fluctuations: Large Cells

Interactions can affect the long wavelength modes which strongly contribute to the
fluctuations measured in large cells.

Two cases arise dependent upon the £ — 0 behaviour of the structure factor. Depending
on the phase and spin density (and ignoring the special cases of the gapped S, and
divergent S, structure factors in the BA phase, which we treat later), the T = 0
structure factors can either (i) approach zero linearly with & [e.g. see Fig. 6.3(a)] or (ii)
approach a finite value at k = 0 quadratically with k, with a characteristic correlation

peak or trough [e.g. see Fig. 6.3(b)].
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Figure 6.3: Examples of the two models for T" = 0 structure factors used to derive
analytic results. Subplots are: (a) model S2 (dashed red line) for where S,, o< k as k — 0
with characteristic length scale £ [with S, (solid black line) as a specific example],
and (b) model SZ (dashed red line) for where S,,  k? as k — 0 with characteristic
length scale g [with S, (solid black line) as a specific example]. Examples are from
the AF phase with ¢y/c; = 50/3, f./n = 0.2 and ¢/c;n = —1.
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6.7.1 Suppressed Structure Factor

For cases where the structure factor vanishes as k& — 0 like
Sw = 2ok, (6.20)

(e.g. as happens for S,, at T'=0), we find the quasi-2D specific results [7§]

N f%ln (W) ,  Cylindrical cell (6.21a)
No gQ s
—— /= i 1 21
57\ 2 Gaussian ce (6.21b)

where g parameterises the long wavelength behavior and C' is determined by the short
wavelength properties of the system!. The result for the gaussian cell is valid in the
limit that R > &g, and follows from applying the result in Sec. B.2 of Appendix B to
Eq. (6.20). The result for the cylindrical cell requires accounting for high & behaviour
[due to the momentum tail of the geometry function; see Fig. 6.2 (e)], and can be

derived by using a model structure factor [see Fig. 6.3 (a)]

SA(k) = (6.22)

Sw(OO), k> 2/5@

Integrating Eq. (6.7) using this model yields (6.21a) with
C =16e""' =~ 10.5, (6.23)

where 7 & 0.5572 is the Euler constant (also see 3D result for density fluctuations
obtained in Sec. IV of Ref. [77]).

Interestingly the prefactor of the logarithm scales as the perimeter of the cell R ~ v/N,,
showing that long-wavelength quantum fluctuations grow more slowly (non-extensively)

with R than thermal fluctuations [which grow extensively as N, ~ R? see Eq. (6.16)].

'For a scalar quasi-2D condensate, {q is the healing length, and using the Bogoliubov dispersion
relation the value C' = 7.4 is obtained (see [78]).
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6.7.2 Gapped Structure Factor

For gapped structure factors (where S, (0) > 0) like S, at 7' = 0 [e.g. Fig. 6.3 (b)],

where we can write the structure factor as
Su(k) = Su(0) + BE*E2 + O(KY), (6.24)

with 3 containing extra terms of the k? coefficient, the fluctuations are given by

1 {p o
— [Sw(o0) = S, (0)] =,  Cylindrical cell (6.25a)
AAI;VUZ ~ 5,(0) + I/% 2R
7 5 [Sw(00) — Sy (0)] ;E;, Gaussian cell. (6.25b)
where
[

The gaussian result follows from the integrals given in Appendix B.2 using a = $¢2. The
cylindrical result was derived by making the general observation that in this case the
structure factor can be represented as a peak (or dip) at & = 0 on top of the background
value set by Sy, (c0). Indeed, with reference to Eq. (4.5), the peak is determined by the
Fourier transform of the normally ordered part of the correlation function, whereas
the Fourier transform of the delta function (completely uncorrelated) part sets the

background value. Thus, for a simple analytic model of this case, we use [see Fig. 6.3 (b)]
S (k) 2 [Su(0) = Su(oo)le” =/ 4 5, (00), (6.27)

where S,,(0) — S, (00) is the peak height, and 2/¢g is the k-width. To find &g, we

perform a series expansion of Eq. (6.27) to get

SE() = 5u(0) = 71Su(0) — Suloo)lK*€: + O(K), (6:25)

and match terms with Eq. (6.24) to solve for &g, giving Eq. (6.26). Substituting our
model structure factor Eq. (6.27) into Eq. (6.7) and integrating gives the fluctuation
result Eq. (6.25a).
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6.8 Cell fluctuation results for spin-1

Like we did for the structure factors and fluctuation amplitudes in Chapter 5, we
specialize our results to the cases of measuring total density and the three components

of spin density within cells, using the notation

W = {, fa, fy Fo 1, (6.29a)
W, = {Ny, Frg, Ey gy Flo ), (6.29b)
Su(k) = {Sn(k), Su(k), S, (K), S-(k)}. (6.29¢)

We use the structure factor results derived and detailed in Chapter 5, including nu-
merical results and limiting analytic expressions, and apply the cell fluctuation mea-
surement formalism derived in the previous Sections. Our extensive analytic results,
obtained with this Chapter’s formalism, are summarised in Table 6.1. For the BA phase
(with condensate magnetised along f,) the Fy,g fluctuations are divergent in the & — 0
limit, while the Fgw fluctuations have a gapped zero-temperature structure factor, and
we discuss these in Sec. 6.8.5.1. For the P phase, Fm fluctuations are zero to our level
of approximation [see Chapter 5.3.2].

To numerically calculate cell fluctuations, we extend our numerics from Chapter 5. For
both cylindrical and gaussian cells, we construct the geometry function and integrate
this against our computed structure factors. The integration presents challenges nu-
merically, with regards to getting numerical convergence and agreement with analytic
limits, particularly for cylindrical cells with the Bessel function in the geometry func-
tion — see Fig. 6.2 (¢) and (e) compared with (d) and (f). We have to be careful in our
choice of k-grid in order to get correct results. For small R, we extend our k-grid to
a maximum size scaled by 1/R in order to account for the spreading of the geometry
function. For large R, we set a minimum size according to the healing length so that
the Bessel function can still sample short wavelength behaviour. Gaussian cells are
numerically easier to handle because their geometry function decays exponentially and
thus in their case we only need k-grids out to a few multiples of 1/R; in our case we
generally use kn.x = 5/R. Resolution-wise, we use k-grids with between 10* and 10°
points.

In the following subsections, we compare our numeric and analytic results for the
fluctuations of the measurement operators given in Eq. (6.29b) in each ground state
phase. We discuss the fluctuation scaling with temperature and cell size, and compare

cylindrical cells with gaussian cells.
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Phase Obs.(s) Quantum Large Cells Thermodynamic Quantum
Limit Small Cells
W, £0.EE Xw Sw(00)
N, E, ., o =h//M(co+c1)n 1/(co+c1)n 1
F
F207Fya Ee =0 1/E53 1/2
N, fo =&, 1/con 1
P Fz 0’7F o = an ‘CI‘TL s 2 +2C n)— 2 1
v R \/mf q/la(q+2c1n) —p?|
F., 0 0 0
\ f2 lc 2 (¢ %
N, Q=91+ |2 T _F(i) &n 1/con !
AF P, €0 = { 1-5 (1-354) + 4, /} £, 1/ern 1
A 20, c1m 1+« 1
FI o = - s - . 1 1 z
’ S \/(Ozz-i-[l—q/ClTL—E;’QF/ClTL])Eﬁgg l+a, - L an 21+ )
A 20,011 1—a, 1 1
Fro | &p= :. L lg_a
b | g \/ =T afem - BB T fam 207
N, o =h//M(co+c1)n 1/(co + c1)n 1
. 1 h 1 1 242 )
Fp o x| = po po + 1
BA ’ Sal] 1= \/m(co +c1)n 11— ((Co+01)n |e1|n
(p=0) . .
Eyo [+] [+] 3(1+9)
Fio o =3(1-D&/Vi (1-a)/q :1-0)

Table 6.1: Analytic results for cell measurement fluctuations in a uniform spin-1 con-

densate. We detail parameters in all four magnetic phases for the quantum large-

cell limit [Eq. (6.21)], thermodynamic limit [Eq. (6.16)] and quantum small-cell limit
[Eq. (6.19)] for the observables in Eq. (6.29b). Values for S, (0) [needed for Eq. (6.25)]

are provided in Table 4.2. The quantities ¢, a,, F

9,2

(2.26), Eq. (5.24), and Eq. (5.5), respectively.

* — the zero-temperature vaa structure factor is gapped, and the Fyyg structure factor

AF and Ef

is divergent at £k — 0; we cover these specific cases later in Sec. 6.8.5.
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6.8. Cell fluctuation results for spin-1

6.8.1 Parameters for numerical results

We calculate fluctuations numerically for the quasi-2D uniform system that approxi-
mates the central region of a cloud of N = 10° atoms in a harmonic pancake trap with
frequencies w, , = 27 x (300, 5) Hz (see Appendix A for details).

We choose interaction parameters within the range of experimental values, with ref-
erence to Table 2.1. For the F, P and AF phases, we use parameters appropriate to
antiferromagnetic 2*Na, and for the BA phase we consider parameters appropriate for
ferromagnetic 8"Rb, as listed in Table 6.2.

Parameter 23Na 87Rb

con/kp 14.3 nK 28.1 nK

le1|n/kp 0.280 nK 0.111 nK

&n 1.21 pm 0.446 pm

&s 8.68 pum 7.08 pm

Table 6.2: Species-specific parameters for numerically calculating fluctuations within
cells. Note that the interaction parameters are the appropriate quasi-2D effective in-

teraction parameters for the system, and that for ¥ Rb we have ¢; < 0.
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6.8.2 F phase

Numerical results for the F phase are presented, along with analytic limits, in Fig. 6.4
as a function of temperature and in Fig. 6.5 as a function of cell size R. As discussed in
Chapter 5, to our level of approximation we have that N, = AZ,U in the F phase. Since
only the density phonon mode (v = 0) contributes to these fluctuations, the N, and

F, , operators can essentially be described using similar arguments to those applied to

describe the the number fluctuations of a scalar system, with healing length

€o = h/\/M(co+ cr)n = 1.20 pm, (6.30)

slightly smaller than the density healing length &,. The behaviour of this type of sys-
tem has been studied thoroughly [45, 78], and can be understood by considering the
competing length scales. The relevant length scales are the cell size R, the thermal

wavelength defined in relation to the v = 0 spectrum

1
EY () = kgT, (6.31)
Ath

and the correlation length §o which depends on the structure factor of the operator
under consideration. We note that for kgT < (co + ¢1)n, Ay, is the thermal phonon

wavelength,
h2
"~ MégkpT

while for kgT > (cy+c1)n it is proportional to the usual thermal de-Broglie wavelength

Atn (6.32)

h
V2MEgT'

For R < { A\, &n}, we go to the quantum small-cell limit as we see in Fig. 6.5(a) and

A ~ (6.33)

(c). In this regime, atoms within the cell are independent, and we sample the incoherent
value of the structure factor independently of temperature so long as A\;, > R.

As T increases to the point where )y, is comparable to or smaller than R, the relevant
modes become thermally occupied and fluctuations increase. We see this in Fig. 6.4
(a) and (c), noting that it happens at lower T for larger cells. In the high T' regime,
Ain < R and the fluctuations increase linearly with 7', as predicted by the classical
thermodynamic result in Eq. (6.16). However, if R is not much larger than £y then
correlations are still important, which leads to an offset from the limit. This reduction
was seen and discussed in Fig. 3 of Ref. [78]. With reference to the 7" = 5 nK and

T = 50 nK lines on Fig. 6.5 (a) and (c), we see that for any temperature we can get to
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a regime where R is larger than all other length scales and fluctuations are dominated
by thermal modes, thus reaching the thermodynamic limit.

In the case of zero-temperature, for R 2 £y we sample the quantum phonon regime
[see Fig. 2(b) in Ref. [45]] as R — oo (since Ay, = 00) and we get fluctuations which
monotonically decrease to zero (relative to N,) with increasing R.

Due to the axial symmetry of the F' phase, we have that Fx,g = Fy,g. For these fluctua-
tions, the correlation length £ is zero. This leads to fluctuations which scale extensively
at low temperatures (i.e. there is no R dependence). For high temperatures, modes be-
come thermally occupied and fluctuations increase linearly with 7" [see Fig. 6.4 (b) and
(d), similar to the high temperature regime in Fig. 6.4(a) and (c)].

Comparing cylindrical and gaussian cell subplots in Figs. 6.4 and 6.5, we see that they
have qualitatively the same fluctuation behaviour. To understand the small differences,
we note that the oscillating tail of the cylindrical geometry function [see Fig. 6.2 (c) and
(e)] means cylindrical cells are sensitive to fluctuations at higher momenta than just the
main peak (whose position depends on 1/R for both cell shapes), unlike gaussian cells
with their exponentially decaying momentum dependence. Thus, gaussian fluctuations
have less fluctuations at low-temperature with large cells, because only modes with
wavelength ~ R contribute and the higher value of the incoherent limit is exponentially
suppressed. The decay rate of the cylindrical geometry function [see Fig. 6.2] means
that cylindrical cells converge slower to our high R fluctuation limits, which we see
in both Fig. 6.4 and Fig. 6.5. Gaussian cells converge slower to the small cell limit,
since their geometry function spreads out slower in momentum space than that of
cylindrical cells. Another difference is that, as shown in Fig. 6.5 (a), the cylindrical
zero-temperature high-R limit [Eq. (6.21a)] is valid for a wider range of R values than
the analogous gaussian limit [Eq. (6.21b)] in Fig. 6.5 (c), although it becomes an invalid
approximation for R/ < 1.
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Figure 6.4: Cell fluctuations for the F phase as a function of temperature T". Subplots
show observables (a) N,, FZJ and (b) vag, FyJ for cylindrical cells, and (c) N, Fz,a and

A

(d) Fyo, pr for gaussian cells. We plot cell sizes of R € {0.2,2,20} x um, as labelled in

(a). Also plotted are the quantum small cell limit (dashed blue line), quantum large cell

limit (dashed black line) and thermodynamic limit (dot-dashed red line). Parameters

are as in Sec. 6.8.1, with f, =n, p=cn and ¢ = —cyn.
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Figure 6.5: Cell fluctuations for the F phase as a function of cell size R. Subplots show
observables (a) N, PA’ZJ and (b) FLU, Fy,a for cylindrical cells, and (c) N,, szg and (d)
E, 4, F, » for gaussian cells. For temperatures T € {0, 5,50} nK, as labelled in (a). Also
plotted are the quantum small cell limit (dashed blue line), quantum large cell limit
(dashed black line) and thermodynamic limit (dot-dashed red line). Parameters are as

in Sec. 6.8.1, with f, =n, p=cn and ¢ = —c1n.
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6.8.3 P phase

Numerical results for the P phase are presented, along with analytic limits, in Fig. 6.6
as a function of temperature and in Fig. 6.7 as a function of cell size R. As discussed
in Chapter 5, to our level of approximation we have that FA'ZK, = 0 in the P phase. Our
analysis in Chapter 5 also showed that only the » = 0 phonon mode contributes to N,
fluctuations, and thus they are essentially described by an equivalent scalar system but
with healing length given by

Eo =&, = 1.21 pum. (6.34)

The same analysis done in the F phase for NG and Fw now applies for the results
shown in Fig. 6.6 (a) and (c) and Fig. 6.7 (b) and (d).
The axial symmetry of the P phase means that, as in the F phase, we have FM, = Fy’a.
The same analysis as for the F phase applies, except that now we have a non-zero
correlation length given by

&g = 6.63 um, (6.35)

which causes non-extensive scaling with R at low temperatures in Fig. 6.6(b) and (d).
Zero temperature fluctuations have a non-zero lower limit set by the gap (k = 0 value)
of the structure factor [see Fig. 5.8 (b)], as seen by the solid blue lines in Fig. 6.7 (b)
and (d) having a non-zero high-R limit (a similar non-zero value was seen in Ref. [48]
for a gapped structure factor in a two-component system). This is different from the
analogous case in the F phase in Fig. 6.5 (b) and (d) where the zero temperature
fluctuations tended to zero at high R. At high temperatures we get the same behaviour

as in the F phase.
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Figure 6.6: Cell fluctuations for the P phase as a function of temperature. Subplots
show observables (a) N, and (b) F,,, F,, for cylindrical cells, and (c¢) N, and (d)
Ey .y, F, o, for gaussian cells. For cell sizes R € {0.2,2,20}um, as labelled in (a). Also
plotted are the quantum small cell limit (dashed blue line), quantum large cell limit
(dashed black line) and thermodynamic limit (dot-dashed red line). Parameters are as
in Sec. 6.8.1, with f, =0, p = 1.5¢yn and ¢ = 2.1¢1n.
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Figure 6.7: Cell fluctuations for the P phase as a function of cell size R. Subplots
show observables (a) N, and (b) F,,, F,, for cylindrical cells, and (c¢) N, and (d)
E, o, F, » for gaussian cells. For temperatures T € {0, 5,50} nK, as labelled in (a). Also
plotted are the quantum small cell limit (dashed blue line), quantum large cell limit
(dashed black line) and thermodynamic limit (dot-dashed red line). Parameters are as

in Sec. 6.8.1, with f, =0, p = 1.5¢;n and ¢ = 2.1¢1n.
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6.8.4 AF phase

Numerical results for the AF phase are presented, along with analytic limits, in Fig. 6.8
(cylindrical cells) and Fig. 6.9 (gaussian cells) as a function of temperature, and in
Fig. 6.10 (cylindrical cells) and Fig. 6.11 (gaussian cells) as a function of cell size R.

The Ng and ﬁz,a fluctuations can essentially be described by the number fluctuations

of equivalent scalar systems. For N, the healing length is

o = 1.21 pm. (6.36)

For Fzﬁg, the appropriate healing length is
&g = 8.55 um, (6.37)

which is only slightly smaller than the spin healing length &;. The results in subplots
(a) and (b) in Figs. 6.8, 6.9, 6.10 and 6.11 can then be interpreted in the same way as
the results for ]\70 and ﬁ’w in the F phase.

For me the correlation length is
Ep = 8.27 um, (6.38)

while for Fyﬁ it is

&g = 10.8 pm. (6.39)

The results in subplots (c¢) and (d) in Figs. 6.8, 6.9, 6.10 and 6.11 can be interpreted
in the same way as the results for FLG and ﬁy,o in the P phase. There is one difference:
for Fy,a; the k£ = 0 gap in the structure factor is higher than the £ — oo incoherent
limit [see Fig. 5.12 (d)]. This has the effect that at low temperatures, fluctuations scale
non-extensively in the opposite manner to ]:Tw fluctuations — as cell size increases the
fluctuations increase faster than the volume does. We can also see this in subplot (d)
of Figs. 6.10 and 6.11, where the fluctuations are lowest for the quantum small cell
limit. It is worth noting that axial symmetry is broken in the AF phase, and this leads
to heavy suppression of ]:ﬂy,(7 fluctuations in our results [where for our parameters we

have a = 0.98; a = 1 is fully asymmetric, see Eq. (5.23)].
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Figure 6.8: Cylindrical cell fluctuations for the AF phase as a function of temperature.
Subplots show observables (a) N, (b) F.,, (¢) F,, and (d) F,,. For cell sizes R €
{0.2,2,20}pm, as labelled in (a). Also plotted are the quantum small cell limit (dashed
blue line), quantum large cell limit (dashed black line) and thermodynamic limit (dot-

dashed red line). Parameters are as in Sec. 6.8.1, with f, = 0.2n and ¢ = —c¢yn.
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Figure 6.9: Cell fluctuations for the AF phase as a function of temperature, as in

Fig. 6.8, but for gaussian cells.
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Figure 6.10: Cylindrical cell fluctuations for the AF phase as a function of cell size R.
Subplots show observables (a) N,, (b) F.,, (¢) F,, and (d) F,,. For temperatures
T € {0,5,50} nK, as labelled in (a). Also plotted are the quantum small cell limit
(dashed blue line), quantum large cell limit (dashed black line) and thermodynamic

limit (dot-dashed red line). Parameters are as in Fig. 6.8.
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Figure 6.11: Cell fluctuations for the AF phase as a function of cell size R, as in

Fig. 6.10, but for gaussian cells.
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Chapter 6. Measuring fluctuations in finite cells

6.8.5 BA phase

Numerical results for N,, ﬁ’w and ﬁ’gw fluctuations in the BA phase are presented,
along with analytic limits, in Fig. 6.12 (cylindrical cells) and Fig. 6.13 (gaussian cells)
as a function of temperature, and in Fig. 6.14 (cylindrical cells) and Fig. 6.15 (gaussian
cells) as a function of cell size R. Note that for this phase, we use parameters from
Table 2.1 appropriate to ferromagnetic 8Rb, which has a much smaller density healing
length than ?*Na which we looked at in previous phases.

The Na and FZJ fluctuations can essentially be described by the number fluctuations

of equivalent scalar systems. For N, the healing length is
£o = &, = 0.446 pm. (6.40)
For Fw, the relevant healing length is
&g = 10.0 pm, (6.41)

which is larger than the spin healing length &, = 7.08 ym.
For Fx,m the f, structure factor is gapped [i.e. non-zero at k = 0, see Fig. 5.16 (c)],

but otherwise has a linear dependence on k as k — 0, with a healing length
£o = 0.36 pm, (6.42)

slightly larger than the density healing length. To calculate the quantum large-cell
fluctuations (which are affected by the gap), we adapt our model of Sec. 6.7.1, writing
the structure factor as

S.(k) = S,(0) 4+ S2(k), (6.43)

where
1
75 ku k<2 é )
Sy =4 ¢ /e (6.44)
d = 5,(00) — 5:(0), k> 2/,
i.e. we separate out the constant part and write the remaining part as a model struc-
ture factor. We get results slightly modified from the quantum large-cell results in

Egs. (6.21a) and (6.21b),

AF?2 fo In cdr . Cylindrical cells (6.45a)
Fac,cr ~ TR fQ
’ s /T i
5n\ 2 Gaussian cells (6.45b)

where C' is the same constant described in the Sec. 6.7.1 that depends on the small-

wavelength behaviour of the structure factor.
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6.8. Cell fluctuation results for spin-1

The same analysis we performed on the F phase now applies to the results for N, FZ,U
and Fx,g. The only significant difference, apart from the length scales, is that F}w has
a minimum level of fluctuations set by the structure factor gap, which we can see in
the low temperature behaviour with R in subplot (c) of Figs 6.12 and 6.14. We saw
similar behaviour in the P phase with the vag and pr fluctuations [see subplots (b)
and (d) in both Figs. 6.6 and 6.7], although their structure factors had a quadratic

dependence on k rather than a linear one.
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Figure 6.12: Cylindrical cell fluctuations for the BA phase as a function of tem-
perature. Subplots show observables (a) N,, (b) F,,, and (c) Fy,. For cell sizes
R € {0.2,2,20}pm, as labelled in legend (outset). Also plotted are the quantum small
cell limit (dashed blue line), quantum large cell limit (dashed black line) and thermo-
dynamic limit (dot-dashed red line). Parameters are as in Sec. 6.8.1, with f, = 0,p =0

and ¢ = |c1|n.
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Figure 6.13: Cell fluctuations for the BA phase as a function of temperature, as in

Fig. (6.12), but for gaussian cells.
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Figure 6.14: Cylindrical cell fluctuations for the BA phase as a function of cell
size R. Subplots show observables (a) N, (b) F.,, and (c¢) F,,. For temperatures
T € {0,5,50} nK, as labelled in legend (outset). Also plotted are the quantum small
cell limit (dashed blue line), quantum large cell limit (dashed black line) and thermo-

dynamic limit (dot-dashed red line). Parameters are as in Fig. (6.12).
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Figure 6.15: Cell fluctuations for the BA phase as a function of cell size R, as in

Fig. (6.14), but for gaussian cells.
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6.8.5.1 Divergent fy structure factor

In the BA phase [see Fig. 5.16 (d)], the fy structure factor diverges as

<<1+Q)\/5> . T—o, (6.46a)

Sylk = 0) = 2(1 f?) kT
<2q b ) k2, T >0. (6.46b)
55 |Cl|n
Let us define
- 2 fs
§o = ——=, 6.47
=TTV (647)
~ 2
2 _ - 57 6.48
such that we can write the structure factor as
1 - -1
(2k§Q> , T =0, (6.49a)
Sy(k—0) = ] 2
<k:§E> CRI ) (6.49b)
2 ler|n

In the BA phase, the f, magnetization breaks the continuous SO(2) axial spin sym-
metry about z, and fy fluctuations act to restore the broken symmetry. The T'= 0 fy
structure factor in Eq. (6.46a) can be integrated in 2D to get convergent results, but for
finite temperature the fluctuation integral diverges for £ — 0 (the limit of an infinite
system). This is not surprising, because breaking a continuous symmetry is forbidden
at finite temperature in an infinite 2D system [74, 75]. This issue also occurs for the
BEC phase transition, which breaks global U(1) phase symmetry and results in diver-
gent phase fluctuations which destroy the condensate order. In practise BEC theory is
only applicable in a finite 2D system of size Lgy at sufficiently low temperature that
the phase coherence length is 2 Lgys [80]. In a similar manner, finite-temperature Fyﬁg
fluctuations explicitly depend on Lygys.

Applying the results in Appendix B to the 7' = 0 structure factor in Eq. (6.46a), we

find that the (convergent) quantum large-cell limits are given by

8
A pr,a 2R ) 3 Cylindrical cells, (6.50a)
No 3 g, Gaussian cells. (6.50b)

In contrast, as expected, the thermodynamic limits of the ﬁyp fluctuations are di-

vergent. To handle this divergence, following the results in Appendix B applied to

88



6.8. Cell fluctuation results for spin-1

Eq. (6.46b), we restrict ourselves to a finite system of size Ly = R/k for k < 1, i.e.
a low k cutoff kp, = 1/Lgys. The fluctuations then converge to give us the thermody-

namic limits

2 1 o
Aﬁio N 9 R2 (/{:BT> In <K> + 1 Yes Cylindrical cells, (6.51a)
Ny & \laln In <2> — Ve Gaussian cells. (6.51b)
K

We now present numerical results for ﬁyﬁ fluctuations in the BA phase, along with
the analytic limits just derived. In Fig. 6.16 fluctuations are shown as a function of
temperature, and in Fig. 6.17 as a function of cell size R. A cutoff of ky;, = 1072 /&,
(i.e. Leys = 10%¢;) has been used to get finite fluctuations at high temperatures.

The analysis of the Fﬂy,g fluctuations has some similarities with that done in the F phase
for N, and Fw fluctuations, but with important differences due to the diverging fy
structure factor.

Only the ungapped v = 1 magnon mode contributes to the Fw fluctuations, and it

has an associated length scale [see Sec. 5.5]

& =h/\/Mq="7.08 ym, (6.52)

and for our parameters is equal to the spin healing length &,. The relevant length scales
for the fluctuations are the cell size R, the thermal wavelength defined in relation to
the v = 1 spectrum
EBA (1) — kT, (6.53)
Ath
and the lengths &g and &g as defined in Egs. (6.47) and (6.48), which for our parameters
are

€o = 13.4 pum, (6.54)

& = 8.18 um. (6.55)

Analogous to the F phase, for kgT < ¢, Ay is the thermal phonon wavelength while
for kgT' > q it is proportional to the usual thermal de-Broglie wavelength.

For R < {\m, »§Q, £p}, we go to the quantum small-cell limit as we see in Fig. 6.17 (a)
and (b). As T increases to the point where Ay, is comparable to or smaller than R,
the relevant modes become thermally occupied and fluctuations increase, as we see in
Fig. 6.16 (a) and (b). In the high T regime, Ay, < R and the fluctuations increase
linearly with 7', but with an additional R? dependence from the diverging structure
factor. This non-extensive scaling is clearly seen in the slope of the T" > 0 lines in
Fig. 6.17 (a) and (b).

89



Chapter 6. Measuring fluctuations in finite cells

With reference to the 7= 5 nK and T' = 50 nK lines on Fig. 6.17 (a) and (c), we see
that for any non-zero temperature we can get to a regime where R is larger than all
other length scales and fluctuations are dominated by thermal modes, thus reaching
the thermodynamic limit.

In the case of zero-temperature, for R ~ é@ we sample the linearly diverging struc-
ture factor, and we get non-extensive scaling with fluctuations increasing linearly with
increasing R, as we see with the 7" = 0 solid blue line in Figs. 6.17 (a) and (b).
Comparing cylindrical and gaussian cell subplots in Figs. 6.16 and 6.17, we see that they
have qualitatively the same fluctuation behaviour. The differences are barely noticeable
on a log scale. At large R, cylindrical cells have a slightly smaller scaling coefficient than
gaussian cells due to the first peak of the geometry function being relatively smaller,

so they scale the divergence differently [as seen in Egs. (6.50a)-(6.51b)].
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Figure 6.16: Fy,g cell fluctuations in the BA phase as a function of temperature. For cell
sizes R € {0.2,2,20}pm, as labelled in (a). Also plotted are the quantum small cell limit

(dashed blue line), quantum large cell limit (dashed black line) and thermodynamic
limit (dot-dashed red lines). Parameters as in Fig. (6.12), with ky;, = 1072, (see text).
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Figure 6.17: F,, cell fluctuations in the BA phase as a function of cell size R. At
temperatures 7' € {0,5,50}nK, as labelled in (a). Also plotted are the quantum small
cell limit (dashed blue line), quantum large cell limit (dashed black line) and thermo-
dynamic limit (dot-dashed red lines). Parameters as in Fig. (6.12), with Ky, = 1072,

(see text).
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Chapter 7

Discussion and Conclusions

7.1 Density Fluctuations

In this thesis we have developed a formalism for the static structure factor of a uniform
spin-1 condensate subject to constant linear and quadratic Zeeman shifts. Our results
are based on the Bogoliubov formalism and are accurate to the leading order term
proportional to the condensate density. The static structure factors are an important
tool in quantifying fluctuations for scalar and binary systems (e.g. see [77-79, 81]), and
this work is important for extending such results to the spinor system.

A feature of spinor condensates is that additional continuous symmetries can be bro-
ken, leading to new Nambu-Goldstone modes, as is predicted to occur for the AF and
BA phases. For the AF phase we found that the asymmetry in the nematic order of
the condensate was revealed through the f, and f, fluctuations. In the BA phase we
observed a divergence in the f, fluctuations, associated with the spontaneous develop-
ment of a transverse (axial-symmetry-breaking) magnetization. Our results show that
this divergence arises from the Nambu-Goldstone magnon mode. Interestingly, such a
divergence in fluctuations was not observed in our results for the AF phase, which also
has a Nambu-Goldstone magnon branch [v = 1 in Fig. 5.10]. The reason is that for
the AF phase the broken symmetry manifests only in the nematic order of the conden-
sate, not in the spin order. Indeed, an immediate extension of our theory is to assess

fluctuations of the nematic density,

Gos(X) = P (%) Qupth(x), (7.1)

as a generalisation of Eq. (2.30). We find that for the AF state the fluctuations in g,

diverge for £ — 0 due to both the phonon and magnon modes, with the magnon branch
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dominating. Because some of the techniques used to image the spin density are also
sensitive to the nematic density (e.g. see [29]), the measurement of such fluctuations

may also be possible in experiments.

7.2 Fluctuations measured in cells

We have applied our fluctuation formalism to the experimentally realistic situation
of measuring fluctuations within finite cells, considering the two limits of hard-edged
cylindrical and soft-edged gaussian cells. Our analytic limiting results come from ap-
proximate integrals of the relevant structure factors, and our numerical analysis has
shown the relevant regimes of validity for the small cell quantum limit and the large
cell quantum and thermodynamic limits.

For operators with structure factors similar to those of equivalent scalar systems, our
results for cylindrical cells are in agreement with the work done in Ref. [78] for a scalar
system. The extension from scalar systems to a spin-1 system required creating model
structure factors for certain spin-density operators in order to perform analytic inte-
grals. Numerically verifying these analytic results required care in the case of cylindrical
cells due to the slow decay of the structure factor at high k, and in general gaussian
cells fluctuation integrals are much faster to converge numerically. Physically, measure-
ments will be a convolution of these two shapes, and experimental results are expected

to be between the bounds of the cylindrical and gaussian results.

7.3 Application to experiment

Our analysis here has been for a uniform system, and several factors will become
important in applying these results to the experimental regime. First, external trap-
ping potentials cause the total density of the condensate to vary spatially and a full
treatment of the trapped system would require a large-scale numerical solution of the
Gross-Pitaevskii equation for the condensate and of the Bogoliubov-de Gennes equa-
tions for the quasiparticles. However, our analysis can be applied to this situation using
the local density approximation, i.e. we consider the gas to be homogeneous at each
point in space using the local value of the condensate density. A discussion of the local
density approximation in relation to the density response of a scalar condensate is pre-
sented in Ref. [46]. Second, in our analysis of the AF and BA phases we have assumed

that the axisymmetry is broken uniformly over the entire system. For the case where
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the system forms domains of local broken axisymmetry our analysis will only apply to

each domain (also see discussion in [72]).

7.4 Outlook

We hope that this work will motivate future experiments to investigate the fluctuations
of the spin-1 system. The different scaling that emerges in the low-temperature regime
is a clear signal of the quantum and spinor nature of the spin-1 Bose condensate.
There are a variety of potential future research directions that are opened up by the
work in this thesis. There are more operators than just total and spin density avail-
able; as already mentioned, nematic density operators already reveal interesting extra
information. Within the spin-1 system there are many more phenomena that are still
poorly understood and ripe for theoretical illumination. Current spin-1 systems have
a magnetic dipole moment, which we have neglected in this thesis but has been shown
to have a detectable effect in spin-1 8’Rb systems [39, 82].
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Appendix A

Quasi-2D spinor condensate

Here we detail how to apply our formalism for the uniform spin-1 condensate to a
trapped system in the quasi-2D regime, where the z direction is frozen in the ground-
state of a harmonic trap. We show that the effect of the confining z-trap is to scale the
interaction parameters and shift the chemical potential by the trap energy.

Our formalism goes beyond the mean-field approach to analyze the fluctuations of the
condensate, so we also show that moving to quasi-2D involves the same Bogoliubov
quasiparticle modes as for the 3D case, which means we can apply our spin-1 Bogoliubov
theory to the quasi-2D system.

Finally, we consider a system with a weak in-plane harmonic trap, which is what
experiments can actually achieve. We show it can be adequately described (close to the
centre of the trap) by our formalism for the uniform system, by using a density equal

to the peak density of the in-plane harmonic trap.

A.1 Uniform, trapped in z

A.1.1 Condensate

The quasi-2D regime is realised by harmonic confinement of angular frequency w, in

the z direction, i.e. a trapping potential

V(z) = ;szz2, (A1)

with length scale

[, =\/h/Mw,. (A.2)
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Appendix A. Quasi-2D spinor condensate

We assume that the trap is sufficiently tight such that the thermal and interaction
energy scales are less than hw, so that the system is in the harmonic oscillator ground
state in the z direction and we don’t have to account for excited z-modes.

In this case, we can write the 3-dimensional condensate wave function as

P(x) = Vnéx(2), (A.3)

where n is the areal density and x(z) is the harmonic oscillator ground state given by
1 22

x(z) = ) exp <_2l§> : (A4)

We can write the spinor GPE
() = [+ 5022+l (9001 + e X [0 IR0 P (), (45)

where 1 is the 3 x 3 identity matrix. We can project ’l,bT(X) onto this, substitute in

Eq. (A.3), and integrate over z (from —oo to 00), i.e.

p= [ (Ve hotx(a) + 3PP + [an+ ] ) dz (A0)

2
since £'¢ = 1 and [ |x(2)|?dz = 1. The first term on the R.H.S is
_hQ 02
* t _ * . T T2
[ [eegnexo] = | [y )] - rer e @)
1
= o~/ a1~ Jl?). (A8)
The second term (z trap potential) is
;mwz/z2|x(2)]2 dz = ihwz. (A.9)

The last term is
con + c1|f|?]
con + ¢ f2/ x4dz:[—. A.10
o+ alf?] [ [x(@)] N (A.10)
We can then define effective 2D interaction parameters

Co ~ &1

o= —F——, (= : Al
0 V2ml, ! V27l ( )
Thus we get
fu=—pfe/n+a(l — &) + éon + alff, (A12)
where |
= — 571(,02. (A.13)

This matches our general ;1 defined in Eq. (3.11), after making the replacements ¢y —
co, ¢1 — ¢1, ji = p. Thus we can apply our formalism for the uniform spin-1 condensate

by using these effective interaction parameters and modified chemical potential.
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A.1. Uniform, trapped in z

A.1.2 Excitations

Here we show that we can treat the excitations in the quasi-2D system with our for-
malism for the uniform 3D system by integrating out the z direction and using effective
interaction parameters.

For the uniform system harmonically trapped in the z direction, we assume that the
z direction is so strongly trapped that the only excitations to appear are in-plane,
with the z direction frozen in the harmonic oscillator ground state. In this case, the
non-condensate operator becomes

ekpp

0(x) = Y (Wiu(2)dn, + Vi, (2)a0 ) N (A.14)

kp#0,v

Using Eq. (A.3) for the condensate, and adding a harmonic potential of the form given
in Eq. (A.1), the resulting Bogoliubov Hamiltonian is the same as the one derived in
Sec 3.1, but with effective interaction parameters ¢y — ¢y and ¢; — ¢, as defined in
Eq. (A.11), a shifted chemical potential fi [as defined in Eq. (A.13)], and n being the
in-plane areal density.

For the quasiparticle amplitudes, let us assume that they have the same z-dependence

as the condensate, i.e.

ukp,u(z> = ukp,VX(Z>7 <A15)
Vi (2) = Vi X(2), (A.16)

where x(z) is the harmonic oscillator ground state given by Eq. (A.4). Then the Bo-

goliubov de-Gennes equations become

X(2)o.ME (“) — (=) B (“) | (A.17)
Vik,,v Vi, v

We can then project out the z-dependence by multiplying Eq. (A.17) by x*(z) and

integrating over z (from —oo to 0o). This gives us effectively the same Bogoliubov

de-Gennes equations as Eq. (3.24), with k — k,,.

Thus we can use our formalism for the uniform system to describe the collective ex-

citations of the uniform quasi-2D system by using effective interaction parameters, a

shifted chemical potential, and the in-plane density.
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Appendix A. Quasi-2D spinor condensate

A.2 Trapped in 2-D

We would like to use our formalism for the uniform system on a quasi-2D system with
N atoms inside a weak, cylindrically symmetric harmonic trap in the radial direction
given by

V(p) = ;Mwin, (A.18)
where p = /22 + 2. Let us consider a region close to the centre of the trap where
the density is approximately uniform and thus our formalism can be applied. In this
region, we can approximate the density as the peak density at the centre. For the case
where ¢y > ¢y, i.e. the density interaction energy dominates all other effects, and if we
neglect kinetic energy [the Thomas-Fermi (TF) approximation| then a similar approach

to Sec. A.1 gives us
f=Vip) (A.19)

nre(p) = & )

where i is the chemical potential that fixes N in our trapped system, defined in

Eq. (A.13). Our system extends to the Thomas-Fermi radius, given by

2
2
Using these we can relate ji to N by carrying out the integral
Rrp T2
L
N = 2 dp = ——= A.21

and thus we have

~ 60NM(,«)2
=y (A.22)

Therefore, using effective interaction parameters as in Eq. (A.11) and the peak density

o=

: (A.23)

Npeak =

we can apply our general mean-field formalism of Chapter 2 to a harmonic pancake

trapped quasi-2D system.
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Appendix B

Cell fluctuation integrals

If Sy, (k) = a, then regardless of cell shape we get

AW? = n / %sw(k)@(k) — an7,(0) = aN,, (B.1)

because the weight function is normalized according to Eq. (6.11).

We now specialize to cell-specific results for the case of R — oo with S, (k) — ak™ as
k — 0, where the system size is R/k (i.e. the k integral starts at k/R). We use these
results to generate the large R fluctuation limit for all our structure factor limits by

summing each contribution of the k power series.

B.1 Cylindrical cells

nA 2 [ee]
RAW, | opn / di KTy (kR) K] (B.2)
CLNU ®/R
z [IH(Z/KJ) +1- fye} n=-—2
{8 _x n=—1+0 ("), (B.3)
1— 1k n=0
where the Euler-gamma constant is
Ve = 0.5772. (B.4)

For n € {0,—1} we can take the limit of x — 0 (i.e. an infinite system), but n = 2 is
divergent. For n > 0, we construct model structure factors that we can integrate, since

the Bessel function makes integrating the full structure factors problematic.
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Appendix B. Cell fluctuation integrals

B.2 Gaussian cells

RPAWZ [5[In(2/k%) 7] + O (") n=-2 (B5)
aNo 2"°T(n/2 +1) — 2 1 O (k) n# -2
3 In(2/K%) =] n=-2
\/g — K n=-—1
=q1—1x2 n=>0 +O(Rn+4)7 (B.6)
\/g L n=1
2 — im‘l n =2

where 7, is defined in Eq. (B.4). For n > —2 we can take £ — 0 (i.e. an infinite system),
but n < —2 is divergent.
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