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Abstract

With the successful condensation of chromium, dysprosium and erbium in the past
decade, physicists have begun to explore the properties of dipolar Bose gases. These
gases interact via the dipole-dipole interaction, which leads to exciting and novel
physics. In this dissertation I discuss the non-zero temperature theory of c-field tech-
niques in the context of ultra-cold dipolar Bose gases in a quasi-2D geometry. I imple-
ment these methods numerically and demonstrate temperature effects on the density
fluctuations and the dispersion of the system. I also identify a possible instability of
dipolar systems that may prove to be important in theoretical and experimental study
of these gases.
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Introduction

Bose-Einstein condensates (BECs) have been at the forefront of physics research since
their experimental realisation in 1995. BECs exhibit a range of interesting phenomena
such as superfluidity, superconductivity, and coherence. The low-temperature regimes
of BECs make it feasible to develop theoretical models starting with full quantum
mechanical theory. These low temperatures also allow exceptional experimental control
and manipulation of atoms via optical trapping.

In this dissertation I consider dipolar Bose gases. These species interact via the
long range and anisotropic dipole-dipole interaction, which leads to completely novel
behaviour unseen in other Bose gases.

Elements which exhibit strong dipolar interactions have only been condensed re-
cently. Of these, chromium was the first to be condensed in 2005 [I], followed by
dysprosium [2] and erbium [3] in 2011 and 2012 respectively. Our interest chiefly lies
in gases of these atoms.

The dipole-dipole interaction has already been shown to play a crucial role in the
stability and dynamics of the 52Cr condensate [4,5]. Dysprosium and erbium have only
been condensed very recently, and new results from these experiments are imminent.

There is also growing interest in creating a quantum-degenerate gas of heteronu-
clear molecules such as KRb [0, [7]. Successfully condensing heteronuclear molecules
would open the door to creating condensates with many new and interesting proper-
ties. These heteronuclear molecules possess an electric dipole far stronger than any of
the magnetic dipoles possessed by a single atom. It is therefore anticipated the dipolar
interactions will be very apparent in these systems, and will play an important role in
their behaviour. This prompts further interest in the properties of dipolar Bose gasesE]

Knowledge of the dipole-dipole interaction will not necessarily only apply to highly
dipolar systems. In fact, the dipole-dipole interaction has been shown to play a role in
systems with comparatively small magnetic dipole moments [§].

Much of the theory of Bose gases considers systems at zero temperature. How-
ever, experiments operate at temperatures that are beyond the reaches of these zero-
temperature theories. For that reason, we are interested in non-zero temperature the-
ory.

! Admittedly, the most success thus far has been made with fermionic species, but there are also
groups working with bosons.
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In this dissertation, I study dipolar Bose gases using the non-zero temperature
theory of “c-field techniques”. These techniques provide an approximate description of
the ultra-cold Bose gas for temperatures approaching the critical temperature. Popular
non-zero techniques such as Hartree-Fock-Bogoliubov-Popov encounter difficulties with
dipolar systems, and our c-field approach provides an alternative.

Before considering non-zero temperatures and c-field techniques, I will discuss the
zero-tempearture theory of dipolar Bose gases. I do this in Chapter [1} I then discuss
the numerical implementation of two c-field techniques. I consider the projected Gross-
Pitaevskii equation in Chapter 2, and then the stochastic projected Gross-Pitaevskii
equation in Chapter Using these two techniques I identify an instability of the
dipolar system, and explore the effect of temperature on its density fluctuations. As I
conclude, I will outline possible avenues of further research.



Chapter 1

Zero Temperature Theory

In this chapter I discuss the standard theoretical treatment of dilute and dipolar Bose
gases at zero temperature. This will serve as a starting point for the non-zero temper-
ature approaches I'll introduce in later chapters.

1.1 The Dipole-Dipole Interaction

Let us begin by considering the properties of the dipolar interaction.

Some atoms possess a large magnetic moment, arising from their total angular
momentum J. This magnetic moment means the atoms interact via the long range and
anisotropic dipole-dipole interactionE]

The potential energy of two dipoles with dipole moments d; and ds separated by
X = X; — Xg is given by

1 . .
Vd(X) == @(dl 'd2 —3(X-d1)(X-d2)) (11)
In this dissertation, I restricted my attention to identical dipoles with dipole moments
aligned along the z direction. If they each have dipole moment d, the dipole potential

takes the form
d2

Va(x) = @

(1 — 3 cos? 0) (1.2)

where cosf = % - d. The basic properties of this potential are discussed in Figure

'Molecules can also interact via the dipole-dipole interaction. But for the case of heteronuclear
molecules, these interactions would be due to the molecules’ electric dipole moment. Nevertheless, the
dipole-dipole interaction here is unchanged from the magnetic case - so while I will focus on atomic
gases, the case of molecular gases is equivalent.
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(a) (b) (c)
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Figure 1.1: The basics of the dipole-dipole interaction (a) The interaction between two dipoles
is proportional to 1/x3, and angle-dependent (b) For two side-by-side dipoles, the interaction
is repulsive (c¢) For head-to-tail dipoles, the interaction is attractive. In essence, they behave
much like “bar-magnets”. Figure adapted from [9]

It is this anisotropic and long range character of the interactions that leads to the
completely novel physics we witness in dipolar systems.

We can see from Equation [I.2] that the interaction strength is proportional to the
square of the dipole moment d. There are a number of other parameters that are used
to describe this interaction strength, and I will pause to introduce these now.

The scattering properties of contact interactions can be described by the s-wave
scattering length a. The equivalent length scale for dipolar interactions is defined as
aqq = md?/3h%, where m is the mass of the atom and d its dipole moment. We then
define the interaction coupling ¢ as related to a scattering length a by

o Arah?

m

(1.3)

As we will see, the interaction couplings g (contact) and gg4q (dipole-dipole) will be
the defining parameters of our dipolar systems. The values of these parameters for a
number of key atomic and molecular species are summarised in Table

Table 1.1: Dipole moments and scattering lengths of selected atoms and molecules

Species  Dipole Moment agq (ag)

8TRb 1 pup 0.71
%2Cr 6 up 15.4
168y [ 67.6
164Dy 10 up 134

4IK8"Rb 0.6 Debye 3940
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1.2 Quasi-Two-Dimensional Geometry

Experimentally, a Bose gas must be confined by some sort of trap. And because of the
anisotropic nature of the dipole-dipole interaction, the physics of a dipolar system is
hugely dependent on the trap geometry.

We will consider a quasi-two-dimensional (quasi-2D) trap geometry. This geometry
has a tight level of confinement in z direction, but no confinement in the x-y plane.
More explicitly, we have an external trap potential of U(x) = %mwzzQ. We define the
corresponding harmonic oscillator length as [, = /h/mw,.

At low (yet experimentally realisable) temperatures, the energy of oscillations in
the z-direction is significantly larger than kg7T'. Consequently, the gas in the direction
of tight confinement undergoes zero-point oscillations, and we can separate out the
z-component of the wave function as the ground-state wavefunction of a harmonic

potential;

_ 1 22 14
x(z) = WGXP —ng (1.4)

since the lowest z-vibrational mode is usually occupied. This leaves us with an essen-
tially 2D wavefunction,

U(x) = x(2)v(p) (1.5)

where 1(p) is the wavefunction in the z-y plane and p = (x,y). This is known as the
single mode approximation, and is valid where interaction energies are small compared
to Aw,”.

For example, the group in Stuttgart who condensed chromium uses a trap with a
length of I, ~ 1300 ag (where ag is the Bohr radius) [10]. So for temperatures less than
200 nK, we would lie in this limit.

However, it is important to note that the problem we are faced with is not wholly
two-dimensional. The dipoles typically interact at length scales smaller than the trap
size. (To return to the example of the experiment in Stuttgart, chromium’s dipole
length is 15 ap, many times smaller than their trap length of [, ~ 1300 ag.) This means
that the dipoles are not forced to lie in a plane side-by-side; some may possibly be
head-to-tail.

This has important ramifications for how we treat g, the interaction coupling param-
eter that dictates the strength of dipolar interactions. The parameter g we introduced
earlier applies to a three-dimensional system, and as we go from three dimensions to
quasi-2D, we must modify it. Petrov et al. [I1] showed that for a quasi-2D Bose gas at
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ultra-cold but non-zero temperatures, the interaction coupling takes the form
2v/2mh? 1
m  1,/a—1/v2rIn(7k2l.?)

Consider the limit ¢ < [,. This means that the length scales of the trap in the
z-direction are much longer than the length scales of the interactions. In this limit, g

(1.6)

Jdq2D =

takes the form

g
9q2D = NTR (1.7)

which, aside from a constant, is simply the three dimensional result. Therefore, we
retain three-dimensional scattering theory, despite reducing the wave function to two
dimensions.

This quasi-2D geometry is, in some ways, a simplistic limiting case. Of course, in
an experiment one cannot have an infinite plane of atoms — they must be somehow
confined in the x-y directions, too. And to date, experiments with dipolar gases have not
quite reached quasi-2D regimes. Nevertheless, the quasi-2D problem is still worthwhile
considering. Quasi-2D simulations reproduce the same results qualitatively as much
more complicated simulations. For a fuller discussion on the applicability of the quasi-
2D problem, see Appendix

1.3 The Gross-Pitaevskii Equation

Having considered the interactions and geometry of our system, we will now develop the
governing equations for an ultracold dilute Bose gas. Since the system is dilute, we only
need to concern ourselves with two-body interactions. The many body Hamiltonian is
therefore

A A A A 1 A A A A
H = /dx Uh(x, ) HV D (x, t)—l—Q/dX/dx’ Ul (x, )T (x, )V (x —x)U(x', 1) U(x, 1)
(1.8)
where V(x — x’) is some (as of yet unspecified) interaction potential that will account
for contact and dipole-dipole interactions, and H®M is the single particle Hamiltonian
272
[ RV

= -5+ UX) (1.9)

where m is the mass of a single particle and U(x) is the external trapping potential.
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The evolution of the field operator \if(x) is governed by the equation

0 » . N
iﬁ—\I/()gt) = [\I/(Xv t)v H]
ot (1.10)

h2V? . . .

= <— 5 +U(x) + /dx’ UT(x, 1)V (x — x’)\I’(x’,t)> U(x,t)
m

At T = 0, the gas will be fully condensed, and one can replace the operator \i/(x, t)

with the classical field \I/(x,t)E] With the correct steps taken, one can obtain the

time-dependent Gross-Pitaevskii equation (GPE)

.0 W22
zha\ll(x,t) = <— 5

+U(x) + /dx’ U (x, )V (x — X/)\I’(X/,t)> U(x,t) (1.11)

but now V(x —x’) is a low energy effective interaction potential. The energy functional
for this system is given by

Bloa] = [ ax( 5 [TUGP + U002

1 (1.12)
+ 3 /dx' U* (x)y* (x)V (x — x')@(x')gb(x))
Note that if the condensate wave function is given by
it
U(x,t) = U(x)exp (—27‘;) (1.13)

where we define the chemical potential y = g—f] then the GPE reduces to the time-
independent GPE

2m

2v72
<—h v +U(x) + /dx/ U (x )V (x — x')@(x’)) U(x) = p¥(x) (1.14)

This equation was derived independently by Gross [13] and Pitaevskii [I4] in 1961. It
is the main theoretical tool for considering dilute Bose gases.

2The interaction potential must be treated carefully when this substitution is made; see [12].
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The GPE in Quasi-2D

In the case of a quasi-2D gas we can use the decomposition ¥ (x) = x(z)1(p, t) (equation
to remove the z-dependence of our problem. For the time dependent GPE, making
this substitution gives

ih o (o, N(2)

2v72
( MV, Smul? / dx' 4 (p X () (x — X ) e, t)x(Z’)> Y(p.t)X(2)

(1.15)

2m

where p = (z,y), and we have used the quasi-2D trap potential U(x) = %mwgzz. If we
then multiply by x*(z) and integrate over z we obtain

| EAVES|
p—l—*ha)z

0

tha¥le,t) = <_ om 2

+ [z [ x*(z)x*(z’w*(p',t)wx—x’)@(n',ox(z/)x(z))w(p, 0
(1.16)

Since we know x(z) explicitly, carrying out this integration removes any z-dependence
from the problem. We can also ignore the constant factor of %hwz, as it only leads to

an inconsequential energy shift.

1.4 Interaction Potentials in Quasi-2D

We now look to incorporate both contact and dipolar interactions into the Gross-
Pitaevskii equation we have just established.
Our objective is to evaluate the integral

/ az / dx x*(2)X* ()0 (0)V (x — ) (p)x(2)x (2) (1.17)

as this is the form in which the interaction potential appears in the quasi-2D time
dependent GPE (equation [1.16)), and elsewhere.
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Case 1: Contact Interactions

For the contact component we use the pseudopotential V,.(x — x') = gd(x — x/). It
is important to note that atomic contact interactions are far more complicated than
this “bowling-ball”-like potential indicates. However for the case of dilute systems like
ours, and at the low collision energies relevant at ultra-cold temperatures, the actual
form of the two-body potential is unimportant, and this pseudopotential is adequate
for describing the interactions. Using this pseudopotential, equation becomes

g [z [[ax 6 s = x)ue) = glito)? [z (el (P2 (118)

_ g
B vV 2ml,

This coefficient can be recognised as the quasi-2D interaction coupling gqop.

Case 2: Dipole-Dipole Interactions

Incorporating the dipolar potential is more involved than the contact case, and will
not be shown here, but is instead included in Appendix The key results of the
derivation are as follows.

Firstly, it is advantageous to transform the effective interaction potential into k-
space. There, it takes the form

- k,l. 2
Va(k,) = \/Zi;z F (\%) where  F(q) =2 — 3vmgeTerfe(q)  (1.19)

where erfc(q) is the complementary error function. Then the integral can be
evaluated via the convolution theorem, and is found to be

[z [ axt v Vatx - x)0x) = F U Wallcontie))] = Bolp)  (120)

where F is the fourier transform, and n(k,) = F(|¢(p)|)? is the momentum-space
density.
The Total Interaction Potential

Before incorporating all of these results into the GPE, it is worthwhile pausing for a
moment to consider the behaviour of the effective total potential (contact plus dipole)

Vi) = Valko) + Vatk) =~ (- aaar () (1.21)
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Note that f/(kp) is actually dependent on the magnitude, but not the direction of k,
This function is plotted in Figure for a range of g and gg4q4.

—€daqa=-1
2.5f —¢€4a=-0.5
—€4q4=0
< 2 —€44=0.5 F
E —€dqq =1
= 8 —ecqga=15 [
=
k1
=
=
Y 0.5f
+
—
0
-0.5
1 . . . . . )
0 1 2 3 4 5 6
kl./V2

Figure 1.2: The behaviour of the total effective potential of a Bose gas with contact and
dipolar interactions in quasi-2D. €44 is defined as gq4q/g. Note that if the function drops below
0 the interaction has become attractive.

F(q) has the limiting behaviour

(?_r)r(l) F(q)=2 (1.22)
qlggo F(q)=-1 (1.23)

Namely, the dipolar interaction is repulsive at low k-values, but attractive at high
k-values. This is interpreted in Figure [L.3

t TUREN t ottty ot
ntt ! it ety ! 1t11111tt t1
1t Pttty ot Pipantt ot

Figure 1.3: An intuitive way to consider the limiting behaviour of f/(k) Excitations with
low k-values (corresponding to long wavelengths) leave the dipoles largely side-by-side, where
they are repulsive, so V (k) is positive. On the other hand, high k-value excitations (short
wavelengths) arrange the dipoles end-to-end, where they are attractive, so V (k) is negative.
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We are finally ready to incorporate both contact and dipolar interactions into the time
independent GPE. Combining our calculations for both cases, the interaction term
becomes

[z [ a0 (6 OV (= X006 XN = g llo, ) + B )
(1.24)
So for a Bose gas with contact and dipolar interactions, the time independent GPE

becomes
272

ih%w(Pa t) = {— + gg2n|v(p, 1) + @p(p, t)} W(p,t) (1.25)

2m

While this only holds at strictly zero temperature, it will serve as our starting point
for developing non-zero temperature theory.
From now we will be exclusively considering this two dimensional problem, and I

({3 )]

will simply write “x” instead of “p”.

1.5 Excitations and the Bogoliubov Approximation

We will now consider the elementary excitations of a Bose gas at zero temperature. To
do this, a standard perturbative approach is to assume that the gas is almost exclusively
in the condensate, and then linearise any excitations about the condensate.

An equivalent procedurdﬂ is to diagonalise the system’s Hamiltonian via the substi-
tution

ao, al — v/ No (1.26)

This amounts to assuming the gas is almost fully condensed, since if Ny > 1 it follows
that

a0|No, 0,0,...) = v/No|No,0,0,...)  ad|No,0,0,...) = v/No|No,0,0,...)  (1.27)

This approach was first suggested by Bogoliubov [I5], and is known as the Bogoliubov
approximation. A full derivation of the diagonalsiation procedure can be found in
Appendix Here, I will give an outline of the procedure and discuss the results. We
begin with the Hamiltonian of equation

H= /dx U (x) AW (x) + ;/dx/dx’ U (x) U () V(x = x)U(x)T(x) (1.28)

3We demonstrate this equivalence in Appendix
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We then adopt this Hamiltonian to a quasi-2D geometry in a similar manner as we did
for the time dependent GPE in Section [I.3] Having done this, we are left with a field
operator @(x) that is two dimensional and unconfined. To handle this “infinite” field,
we restrict our attention to a square cell of edge length L, and adopt the plane wave
basis A 1

h(x) = Zzelkxak (1.29)

k

Using this basis, the Hamiltonian can be recast as

: RPE? ;. 1 T
H = Z ‘zm a’l];ak + ﬁ Z V(q)a,iﬁqa,irqakl ax, (130)
k ki,k2,q9

By employing the Bogoliubov approximation ag, dg — +/Np, the Hamiltonian separates
into terms proportional to Ny2, N3/ 2 Np, and so on. It can then be diagonalised up
to the order of Nj.

In diagonalising the Hamiltonian, we introduce the quasiparticle operators &y and

o?lT( as follows

PO A Af A - o1
ax = URQk — VpQ ax = Uk + Vga_
ol i k= 1 k (1.31)
a_y, = upQl, — vy Q_y = ugaly + vgag
where ug and v are some suitably chosen coefficients.

These quasiparticle operators allow us to rewrite the Hamiltonian of equation [1.2§
as

. 1 - 1 ~ 1 N At A
H =~ §n2DNV(O) + 5 1;) (Ek — e — nV(k)) + 5 l;)Ek <aLak + aT_ka_k> (1.32)

where

e -
0
=" and F= Ve + 20V (k) (1.33)

n is the two-dimensional density of the gas, and f/(k) is the interaction potential that
we discussed in Section L4l
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The Bogoliubov Dispersion

It is important to notice that having diagonalised the Hamiltonian, the quantity Ej
is the quasiparticle dispersion relation of our system. It is of much interest, and it is
worthwhile exploring its possible behaviour. To reiterate, it is of the form

By = /() + 2n7 (k) (1.34)

Recall that V (k) is a function of g and g4q, and is given by

V(k) = \/21—% (9 + gaaF’ <]j/l%>> (1.35)

Therefore, the shape of the dispersion relation will be dependent on these two pa-
rameters g and gqq, and the two-dimensional density of the gas n. Changing these
parameters will give us different dispersion relations.

Different atomic species possess different values of g and g4qy. But we are not simply
restricted to considering the pairs of {g, g4q} belonging to each element in turn.

For Bose gases, the s-wave scattering length (and therefore g) can be tuned as
desired using Fano-Feshbach resonance [16], [I7]. Furthermore, it is proposed that the
dipole strength g4q can also be tuned by rapidly rotating the dipole orientation [I8].

Figure 1.4: Tuning the strength of dipolar interactions. If the dipoles are rotated sufficiently
quickly via an external magnetic field, the time-averaged dipole strength can be weakened, or
even made negative, by changing the dipoles’ offset angle ¢. We should admit that rotating
dipoles like this would very hard to implement experimentally. By tilting the dipoles relative
to the z-direction (but not rotating them) we can weaken the dipolar interaction, but this does
introduce anisotropy into the system and alters the character of the dipole-dipole interaction.
While not discussed here, this remains a very interesting problem. Figure taken from [9]

Given that we can tune these parameters, we can explore a range of “domains”, as
illustrated in Figure [1.5
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Figure 1.5: Stability phase diagram and some associated dispersion relations for a quasi-2D
dipolar Bose gas. In the white and light grey regions, the gas is dynamically stable. In the white
region, the dispersion is monotonically increasing, with a linear dispersion at low k (phonons)
and quadratic at high k (free particle). In the light grey region dipolar interactions lead to
a local minimum, or “roton”. In the black region, low k excitations are unstable. (This is
represented by the dotted red line, indicating an imaginary Ejy). In the dark grey region, the
dipolar interactions are so strong that the roton minimum becomes imaginary, and hence the
system becomes unstable. Figure adapted from [19].

Rotons

The idea of rotons first appeared in the study of superfluidity in *He. Following its
discovery 1938, there was great interest in attempting to explain liquid helium’s un-
usual non-dissipative behaviour. Landau (among others) suggested that superfluidity
arose because a fraction of the system became BEC-like [20]. He therefore proposed
a two-fluid model to describe liquid *He, with one fluid corresponding to the super-
fluid component, and the other to the non-superfluid component. He also suggested
that within the non-superfluid component there existed localised quantised vortices, or
“rotons”, and that these rotons experience quadratic dispersion.
Indeed, the dispersion of “He has a roton feature, as shown in Figure
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Figure 1.6: Dispersion curve for “He. Note the linear phonon dispersion at small momenta,
and the roton at ~ 2A”". Figure taken from [2I].

It must be noted that the relation between the roton feature and local vorticity within
the fluid remains unclear. It is not even certain if the roton feature is at all associated
with vorticity. Noziéres proposed an alternative viewpoint [22]. He suggested the roton
minimum in *He is instead a precursor to crystallisation, eloquently describing the
roton as “the ghost of the Bragg spot”. In other words, it is the system “threatening”
to become crystalline.

Filinov et al. considered dipolar bosonic molecules in a pure-2D geometry (where all
of the dipoles are held tightly side-by-side in a plane). With these exceptionally strong
dipoles and very tight confinement, a crystalline phase appeared that seemed associated
with the onset of roton instability. So perhaps in this case, Noziéres’ proposal may have
some truth to it.

In our case of a quasi-2D Bose gas, what exactly we mean physically by “rotons”
is even less clear. We must content ourselves with our fairly abstract idea of them
as elementary excitations at wave numbers corresponding to a local minimum in the
dispersion.

Although we may not know what exactly rotons are, it is this roton minimum that
leads to the novel physics of dipolar gases.



Chapter 2

The Projected Gross-Pitaevskii
Equation

In the previous chapter we considered a dipolar Bose gas at zero temperature. At zero
temperature an almost pure BEC forms, which is well described by the GPE, and we
were able to consider elementary excitations via Bogoliubov theory.

We now turn our attention to higher temperature cases where the GPE alone pro-
vides an inadequate description of the system. Experiments routinely operate at tem-
peratures well beyond the reaches of the Bogoliubov approximation, and we would like
to be able to consider these regimes theoretically.

Faced with this problem, we turn to a different description of Bose gases that does
not force us to make such strong assumptions, and yet for which the problem remains
tractable. These techniques are known generically as c-field methods. Implementation
of these methods is one of the primary achievements of this dissertation.

2.1 C-field Methods and the PGPE

Bogoliubov theory was derived by assuming that we have appreciable occupation of
the ground state. C-field methods recognise that at nonzero temperatures this will
not only be true of the ground state. Indeed, many other modes will also have an
occupation much greater than one quantum. These modes therefore behave somewhat
like a classical field - hence the name “c-field methods”.

Generically, c-field methods divide the system into two distinct regions:

e the c-field region (C-region) contains the condensate and all other highly
degenerate modes. This region is evolved using field equations of a similar form
to the GPE, but with a few key modifications.

e the incoherent region (I-region) contains the modes are sparsely occupied.
The modes in this region have a weak influence on the dynamics of the C-region.

16
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[-region
(thermalised reservoir)

possible coupling

—Energy—

C-region
(classical matter waves)

Figure 2.1: Schematic view of the system. The low energy modes of the C-region behave like
classical matter waves, whereas the I-region can be considered as a thermalised reservoir.

Formally, we suppose the occupation of a plane wave mode Nk is much greater than
[ax, ZLIU = 1 for not just the ground state, but for some larger set of modes. This defines

our C-region. We can then define the c-field operator

h(x) =PI(x) = pr(x) (2.1)

keC

where we choose {¢k(x)} to be the plane-wave basisH
1 ik-x
wk(x) = —e (2.2)

Given that all C-region modes are appreciably occupied, quantum fluctuations are
negligible and we may set 1(x) — ¥ (x). This is done by making the replacement

ax, &IT( — ¢k, in which case

Y(x) =Y ap(x) (2.3)

keC
It is also useful to define a second projector @ = 1 — P. This allows us to consider
the Bose field operator in the I-region, QW¥(x) = 7(x). In this region, the average
occupation of the modes is less than one, so quantum fluctuations are important. For

this reason we do not make any substitutions for ay or &;L as we did in the C-region.

'Recall that to handle the “infinite” 2-y plane of our quasi-2D system, we restrict our attention a
square cell of edge length L. Our choice of {(pk(x)} therefore gives an orthonormal basis.
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As introduced in Section the equation of motion for the full Bose operator is

. 2v72 . . «
z’h%\lf(x,t)z <—ZZL - / dx' \Iﬁ(x’,t)V<x—x’>\I/(x’7t>> Uixt)  (24)

We can now separate W(x) into ¢(x) and #(x) in this equation of motion. Having
done this, we project into the C-region to look at the dynamics of ¥ (x). The resulting
equation one would obtain is the finite temperature GPE (FTGPE). It is a complicated
and lengthy equation, and so is not included hereﬂ

The FTGPE describes the full dynamics of the system 1 (x) and its coupling to a
thermal bath 7(x), accounting for all of the coupling between the C- and I-regions. In
the equation, there appear five interaction terms. These are pictorially illustrated in

Figure 2.2

T E
L s ><
© (a) (b) (0) (d) (o)

Figure 2.2: Processes accounted for in the FTGPE formalism: (a) interactions within the
C-region, with both particles remaining in the C-region; (b) growth/loss processes arising from
interactions within the C-region, leading to particle and energy exchange between the regions
(c) the so-called “anomalous” term, which cannot conserve energy and therefore cannot describe
real processes in and of itself (d) scattering processes, leading to energy but not particle exchange
between the C- and I-regions (e) growth/loss processes arising from interactions within the I-
region, leading to particle and energy exchange between the regions

Importantly, the only assumption we made in the derivation of the FTGPE was the
condition that the modes in the C-region were highly occupied. It should therefore be
valid whenever this condition is satisfied: we haven’t yet had to make many restricting
assumptions.

However, the FTGPE is hardly any simpler than the original equation of motion.
After all, all we have done is separate the field operator into two parts and replaced

2See [23] for a complete derivation of the FTGPE for a gas with contact interactions only. The
dipolar case is analogous, if a little more complicated.
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some operators. Furthermore, if we were to attempt to solve it, we would also need
an equation of motion for the I-region dynamics. To make the problem tractable, we
must therefore decide to ignore some of the interaction processes. The key difference
between different c-field methods lies in this decision.

In the remainder of this dissertation, I will describe two of these c-field methods,
how I implemented them numerically, and the behaviour I observed in subsequent
simulations.

The first c-field method I will consider is the projected GPE (PGPE). This treatment
considers near-equilibrium behaviour. In these regimes, we assert that all interactions
between the C- and I-regions (terms b to e) are sufficiently weak that we can ignore
them. Under this assumption, the FTGPE reduces to

272
Z’h%w(x) - <_ hQZ + gqan| (X)* + (I)D(X)> (%) (2.5)

This is the PGPE. It is simply the GPE extended to cover the C-region. Since there are
no interactions between the C- and I-regions, the PGPE is a microcanonical system:
the energy and particle number of the C-region is conserved.

2.2 Implementing the PGPE

To explore what the PGPE predicts about the dynamical and equilibrium properties
of Bose gases, we must turn to numerical simulations. We are now in a position to do
this.

I had access to pre-existing MATLAB® code that implemented evolution according
to the PGPE for a quasi-2D Bose gas with contact interactions only.

This code solves the PGPE using a 4-5 Runge-Kutta algorithm with an adaptive
step size. The C-region is chosen to be all plane-wave modes below a predetermined
cutoff k& value. This allows us to implement the projection operator in Fourier space
easily.

I modified the preexisting MATLAB® code to incorporate dipolar effects, by in-
troducing the additional term ®p(x) that accounts for dipolar interactions, which was
defined as

Op(x) = F [Valke)n(ky)] (2.6)

where F is the fourier transform, n(k,) = F|(¢(p))|* is the momentum-space density,



CHAPTER 2. THE PGPE 20

and
F(q)=2- 3ﬁqeq2erfc(q) (2.7)

Care needs to be taken when numerically evaluating the complementary error function
for large q. We make use of an asymptotic expansion to overcome this problem (see

Appendix [A.3)).

Dimensionless Variables

It is useful to choose dimensionless units for computational purposes. Let us consider
the full time-independent GPE with contact and dipolar interactions (as found in Sec-
tion [1.4):

h?v?

() = =) + (gaapl (0 + Baa(x) (x) (23)

The units for the energy, length, and time scales we choose are

hw,
hw,, l, = \/h/mw,, T=1/w,, Ty = k: (2.9)
B

It is then helpful to make the coupling interactions dimensionless by defining

mg

Jg=—2= 2.10
NG (2.10)

in which case we obtain the dimensionless form of the GPE
(%) =~ 0 + (@) + 2o(%)) $(X) (2.11)

where all the quantities used are now with respect to our dimensionless variables[]
These are the units that I adopted for numerical computations, and are used in all the
figures. But unless otherwise noted, I do not adopt them for equations in the body of
this dissertation.

3Note that ®p contains an interaction coupling constant gqq, which must be is scaled in the same
manner as g.
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2.3 Algorithm Validation

Having developed this code, it was critical to ensure it was properly evaluating the
PGPE. To do this, we conducted an extensive array of tests.

Firstly, as the wavefunction evolves according to the PGPE, its energy must be
conserved and it must stay normalised. In our dimensionless units, the energy and
number functionals are given in turn by

EGG] = [ dk 20602 + 5 [ax(ali + eo@IBEE) @22
NG = [ dx B0 (213)

where ¢(k) = F(1)(x)). We found for typica simulations that both energy and particle
number were conserved up to a factor of approximately 10711

Of course, these are simple checks but we would be gravely concerned if these
quantities changed with time. A less trivial test involves the chemical potential. If
we have pure and uniform condensate with density /n, then the time evolution of the
wavefunction is given by

P(x,t) = Po(x)e 1M = et/ (2.14)

This can be calculated using the GPE. Furthermore, the chemical potential can be
explicitly calculated using the time-independent GPE and the k — 0 limit of V (k)

(equations and |1.22)). We find that
i = (3 + 2Gad) (2.15)

This was compared to the phase evolution ascribed to the condensate by the PGPE
code, and these two values were found to match (up to machine precision).

410,000-step simulations with a Runge-Kutta error tolerance of 10~*
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Single Quasiparticle Excitations

Here we describe a further test where we show that linearised excitations of our system
reproduce the expected Bogoliubov quasiparticles.
Recall that at low temperatures, our system acts like a set of non-interacting quasi-
particles, as defined by
Qi = Uk ax + ’Uk&ik (2.16)

and these quasiparticles have a dispersion relation given by

By = /() + 2n7 (k) (2.17)

Inspired by the form of the quasiparticle operator, we consider a wavefunction of the
form

P(x) = Yo(x) + % {uge" ™™ — vy 4%} (2.18)

for some small constant A. This wavefunction corresponds to a condensate with an
excitation in a single quasiparticle mode with wave vector q. If we substitute this
wavefunction into the time-dependent Gross-Pitaevskii (equation , we can derive
its evolution’] We find to first order in A that

b(x,t) = et/ <¢0(x) + % [uqe“q-xwﬂ - vqei(q-wﬂ]) (2.19)

where wy, = E;/I is the corresponding frequency of the quasiparticle excitation as given

by equation

To make this comparison, we proceeded as follows

1. We construct an initial wavefunction as per equation for some chosen q

2. The wavefunction was then evolved using the PGPE code, and we measured the
phase F6, with which the +q plane wave modes evolved. As this phase changed
linearly with time we could determine w, via 6, = wyt

3. This was then repeated for an array of different q. In this manner, we amassed a
set of data points {(q,wy)}

These data points ought to match the Bogoliubov dispersion of equation [2.19] The
results of these simulations are shown in Figure [2.3

5This derivation is contained in Appendix



CHAPTER 2. THE PGPE 23
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Figure 2.3: Quasiparticle phase evolution for three systems: (a) has only contact interactions
(9 =0.25), (b) is weakly dipolar (g = 0.05, gqq = 0.10) and (c) is strongly dipolar (¢ = —0.05,
gaa = 0.15). Each blue point shows a data point (q,wy) — the oscillation frequency w, of
a single quasiparticle with a given wave vector q, as found using a PGPE simulation. The
dispersion relation E, obtained via a Bogoliubov approach is shown in red.

The quasiparticle phase evolution clearly matches the Bogoliubov dispersion relation,
and these results gave us confidence that the dipolar PGPE code was functioning cor-
rectly.

Getting our code to pass these tests took a considerable amount of time and was
instrumental in removing a number of bugs.

2.4 A Near-Equilibrium Wavefunction

A condensate with a small amplitude quasiparticle excitation lies within the linearised
region. Our interest lies in far more energetic systems where the quasiparticles are
highly occupied and can interact.

Previous studies have shown that systems evolving according to the PGPE can
thermalise [24]. By this, I mean that these systems tend towards and settle at some
equilibrium state. As mentioned already, the energy and particle number of our sys-
tem is conserved, so the equilibrium state should be determined by these macroscopic
constraints.

When we began to investigate the evolution of some contrived wavefunctions, it
quickly became apparent that wavefunctions evolving according to the PGPE are slow
to equilibrate. To minimise computation time, it was worthwhile putting some thought
into what initial wavefunction we chose to evolve. The three initial wavefunctions we
considered are shown in Figure |2.4
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w
log1o(ng)

Figure 2.4: Density plots of three choices for the initial wave function: (left) the “top hat”
has uniform occupation of all modes below some energy cut-off. What is not visible from this
figure is that each mode is also given a random phase; (centre) the “noisy top hat” is the
same as the previous case, but now the occupation of the modes below the cut-off are normally
distributed; (right) finally, we can make an educated guess for a near-equilibrium wave
function, as discussed below.

The “top-hat” wavefunction was used in [24] to directly study thermalisation. It this
study, it was shown to equilibrate after ~50,000 time steps. In their case, this “top
hat” was a sensible choice for an initial wavefunction, as it makes thermalisation clearly
visible. Our interest, however, lies in the equilibrium properties of the gas, so we would
like to avoid having to wait that long before the system thermalises. With that in
mind, we will now construct an improved initial wavefunction.

In Appendix we show that the excitations of a ground state can be written as

~

Blx) = (%) + $(x) = Yo(x) + D [us(x)d; — v} (x)a] (2.20)
Jj#0

where uy(x) and vg(x) are of the form

eik-x
uk(x) = UL I3

ik (2.21)
vg(x) = v 17

and uy and v are the coefficients associated with the quasiparticles, that are defined

in equation
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We would expect that each of the quasiparticle modes would be approximately
occupied according to the Bose-Einstein distribution.
At A 1
(agdn) = —go— = NoE (2.22)
where €, is the energy of the mode k, as calculated by the Bogoliubov dispersion, and
B = 1/kgT. Of course, the Bose-Einstein distribution only holds for the case of non-
interacting modes. Our quasiparticle modes will be interacting, but equation [2.22] can
serve as an approximation. We also know that we have the ensemble averages

() = () = (afal) =0 (2.23)
Therefore, we generate a set of numbers {ay} by

NBE
2

akg = (xr + izy) (2.24)

where zr and xy are from a set of normally distributed random numbers. This choice
means that oy mimics the behaviour of the quasiparticle operators; namely

1 N
= Wl and K = O[k2 = (Oéi';)Q =0 (225)
e p—

| |?
We can then use these random numbers ay to generate the “near-equilibrium” wave
function

eik-x . efikx
P(x) = ho(x) + zk: <UkOékL - vkakL> (2.26)

This wavefunction should be near to equilibrium, so it will serve as a better starting
point for our simulations than the highly contrived “top hats”. Of course, in its con-
struction we have ignored interactions between each quasiparticle mode, which is an
oversimplification. We should not be surprised if even this wavefunction takes some
time to equilibrate.
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2.5 System Behaviour

Now, we will examine the behaviour of this near-equilibrium wave function when it is
evolved according to the PGPE.

We will be considering cases with different interaction strengths. Unless otherwise
stated, we will be consider the three cases from Figure 2.3] I will refer to these as
simply the “contact only”, “weakly dipolar”, and “strongly dipolar” cases respectively.
All simulations had a particle number of N = 25600, a box length L = 80, and a cut-off
energy €cyr = O.

Firstly, let us examine the effects of introducing dipolar interactions to the system.

40
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Figure 2.5: The system after time 1007 in the three cases (a) contact interactions only (b)
weakly dipolar (c) strongly dipolar/rotonic, corresponding to the cases explored in Figure
The main figure shows position space occupation N(x) = [(x)|?dx, and the inset shows the
k-space profile log;q N(k) = logyq (|F(1(x))|?dk). The near-equilibrium wavefunction with
T = 0.1 was chosen as the initial wavefunction.

The key difference of note is the “halo” in the k-space density of the strongly dipolar
case (c¢). This system had a shallow roton minimum at k ~ 1, which matches the k at
which this halo appears. As expected, these low-energy rotonic modes become readily
occupied.

This halo manifests itself in the corresponding position space density, where we see
larger fluctuations. Furthermore, these fluctuations seem to be of a regular size. To
investigate this further, consider what happens when we stay rotonic, but tune the
parameters g and ggq to move the roton feature to different k values (Figure .
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Figure 2.6: The density of the system with different roton minima at time 7 = 100. Again,
the main image shows the position space density, and the inset the k-space density. The
corresponding dispersion relations are shown on the right. 7" was chosen in each case to make
the roton modes weakly occupied (T = 0.01, 0.1, and 0.25 respectively).

It can be seen that the size of the real space fluctuations approximately correspond to
the rotonic wavelength.

We now consider what happens when we increase the energy of the initial wavefunc-
tion. After all, we introduced the PGPE as a tool for going to temperatures beyond
the validity of Bogoliubov theory.

In practice we increase the energy of our system by tuning the 7' parameter used
in constructing the initial wave function. To reiterate what was shown in the previous

section, we choose an initial wavefunction

P(x) = o(x) + > (ukakeik'x - Ukaie_ik'x) (2.27)
k

where {ax} was a set of numbers generated by

1 1

Qi =

It is critical to keep in mind that T is not the temperature of our system. When we

constructed this initial wavefunction at some “temperature” T, we were considering

non-interacting modes. Now, we have introduced interactions, so it is no longer clear
what the actual temperature of the system is[f]

Since system energy and particle number are conserved, we implicitly specify these
parameters in our choice of the parameter TE

STf we desire to determine the actual temperature of the system, we must infer it indirectly. Doing
this is not entirely straightforward (see [24]).

"With all these caveats, T may seem a poorly chosen parameter now. However, in later chapters it
will give us something to compare to.
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That note aside, let us consider the effect of increasing the energy of a rotonic

system.
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Figure 2.7: The position and k-space densities for the strongly dipolar system at time 7 = 100
with the parameter 7' = 0.01, 0.05, 0.1, and 0.125.

This behaves as expected: at low temperatures, the gas is almost exclusively in the
condensate. As temperature increases, the higher k£ modes become more occupied as,
the gas fluctuates more, and the roton “halo” becomes clearly visible.

The energies we've considered here are still comparatively low. The condensate
fraction for these cases have been about 0.99, and we are interested in the behaviour of
systems with higher energies. However, when we tried to consider these more energetic
systems, something dramatic happened.
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Figure 2.8: The condensate fraction as a function of time for the strongly dipolar /rotonic case,
for different values of T' (and hence different values of E). These simulations had N = 25600,
L =280, and €.yt =5

For high values of the parameter T', the condensate fraction drops suddenly. Looking at
the lower temperature cases, there is no apparent reason why these higher temperature
cases would suddenly display such dramatically different behaviour.
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To clarify what is going on here, let us look at the position-space density during
one of these collapses.

time (7)

Figure 2.9: Position space density as the strongly dipolar system collapses for "= 0.15. The
lowermost plot displays again the condensate fraction, but now we additionally look at the
position space density at seven different times (a to g) during collapse. For the first seven tiles,
the bounds on the color range are fixed, as given by the upper colour bar. (For this reason,
the final images seem to be purely maroon and blue, because the density greatly exceeds the
bounds.) In the eighth and final tile I replot case g with new bounds.

An area of large local density, or a “pimple”, forms. By pulling nearby gas into itself,
the pimple grows in density (but not in size). And as it grows, neighbouring pimples
start to form, until this blight has spread throughout all of the system.

But while the first seven tiles give a good impression as to how this spreading occurs,
perhaps the eighth tile is the most illuminating as to what is going on: the gas seems
to be collapsing into local density spikes. But it is only natural to ask, is what we are
observing here physical?
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Soliton-Like Phenomena

It occurred to us that what we are witnessing could be the formation of solitons.
A soliton is a non-dissipative, self-reinforcing solitary wave. The concept of a “wave
of translation” was first noted by John Scott Russell in 1844 [25], who wrote

“..I was observing the motion of a boat which was rapidly drawn
along a narrow channel by a pair of horses, when the boat suddenly
stopped — not so the mass of water in the channel which it had put in
motion; it ... rolled forward with great velocity, assuming the form of
a large solitary elevation, a rounded, smooth and well-defined heap
of water, which continued its course along the channel apparently
without change of form or diminution of speed...”

These observations of a single, stable wave seemed at odds with the hydrodynamic
theory of Newton and Bernoulli, and this disagreement was only resolved in the 1870s
by Boussinesq and Rayleigh [26], 27].

The nonlinearity of the physics of BECs lead to such local and stable waves. Solitons
have been experimentally observed in BECs (see [28], for example). Furthermore,
they have been predicted to form in dipolar Bose gases in the case where the dipolar
interaction g4q¢ has been tuned to become weak and negative [29, [30]. Santos et al.
reported that if a phonon instabilityﬁ arose, a transient gas of solitons could form and
thus the system may avoid collapse.

In contrast, we observed these soliton-like features in regions nearing roton (not
phonon) collapse, since we consider positive values for ggq.

We used a variational ansatz to assess the stability of our features. We were unable
to locate any stable solutions (which is why I've been referring to the features as
“soliton-like” ).

We therefore expect that these features are unphysical. Let us reconsider what
happens as the system collapses. During collapse, the system begins to occupy pro-
gressively higher energy modes. However, our system is restricted to the C-region; all
of the modes our system can access are below some cut-off energy. Once the highest
energy modes have become occupied, the cut-off energy will stabilise the system, re-
sulting in the formation of “pimples”. In this scenario, our separation of the system

into the C- and I-regions is invalid.

8That is to say, if the system crosses from the white to the black region in Figure
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2.6 Leaving the PGPE

While these “pimple” features are unphysical, that does not mean that the collapse
itself is unphysical too. The existence of this instability is significant in and of itself.
Identifying this instability is one of the notable achievements of this chapter.

The reader may be justifiably concerned that these collapses occur at such low
energies. At these low energies, one would think that Bogoliubov theory would hold
— and Bogoliubov theory does not predict any instabilities. However, Boudjemaa
and Shlyapnikov proposed earlier this year that satisfying the conditions necessary for
Bogoliubov theory to apply is much harder in rotonic systems than in the contact case
[31]. This may explain why Bogoliubov apparently fails at such low temperatures.

Our interest in stability aside, these “pimples” were an obstacle. They first appeared
when we attempted to consider rotonic gases, thereby preventing us from studying this
regime. The interesting dynamics of dipolar gases will be the strongest here, so we
want to somehow reach these regimes, if possible.

Furthermore, the limited ability of the PGPE to thermalise was proving to be
a hindrance. When we compared the evolution of “top hat” wavefunctions to our
“near-equilibrium” wavefunction, they did not equilibrate over the time scales we were
considering. The PGPE requires nonlinear interactions in the C-region and an excess
of energy over the ground state to thermalise — and thus for “cold” systems the PGPE
did not equilibrate. This means that the dynamics we observed may have been affected
by the choice of initial wavefunction.

With this in mind, we decided to study a second and more advanced c-field formal-
ism: the stochastic PGPE.



Chapter 3

The Stochastic Projected Gross-
Pitaevskii Equation

In this chapter I describe the stochastic PGPE (SPGPE) and its successful implemen-
tation. This provides us with a second tool for studying dipolar Bose gases, and I go
on to explore what the SPGPE predicts about the behaviour of dipolar Bose gases at
high temperatures.

3.1 The SPGPE

When we were first developing c-field techniques, we were presented with a choice as
to which interactions we accounted for. Let us reconsider the possible interactions we
can have between the C- and I-regions.

I-region

Repeat of Figure which

>< x >y >< X depicted the interaction terms
® (®) © @ ©

Energy —>

that appear in the finite temper-
ature GPE

C-region

For the PGPE, we chose to only account for interaction (a). The stochastic PGPE
(SPGPE) is another c-field technique which accounts for interactions (a) and (e). In
essence, the SPGPE no longer ignores the incoherent region, but treats it as an “infinite”
thermal and particle reservoir. This requires the I-region to contain many weakly
populated modes, meaning that the SPGPE is valid for sufficiently large systems for
temperatures from about 0.57¢ to T¢. The SPGPE is a grand canonical approach: the
C-region is evolved coupled to a reservoir with a chemical potential p and temperature
T.

Once a system has equilibrated via the SPGPE, it has no net particle or energy
exchange with the reservoir. In these cases, the SPGPE and PGPE are roughly equiv-
alent. However, the slow thermalisation of the PGPE was causing us difficulties in the

32
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previous chapter. Additionally, we now want to be able to consider wavefunctions that
are not necessarily near equilibrium. The SPGPE offers us a better tool for treating
these systems.

An additional advantage of the SPGPE is the parameters we can now control. When
using the PGPE, the temperature of the system was somehow related to the energy of
the chosen initial wave function. And as I mentioned in the previous chapter, determin-
ing the temperature of a system in the PGPE framework is not entirely straightforward.
In contrast, the SPGPE incorporates the temperature as a tunable parameter of the
system, which is a distinct advantage.

SPGPE Theory

Compared to the PGPE, the SPGPE has a lot more underlying theory. To treat the

interaction term (e), we must use Wigner phase space methods. I will not discuss this

formalism here in any detail, but a comprehensive discussion of the SGPGE can be

found in [32] and the precise details of the derivation are contained in [33] [34] 35l 36].
In brief, if we define the GPE operator

h2V?

L= 2m

+ gl + @p (3.1)

then the (simple growth) SPGPE is

dp(x,t) = P {—;w(x, £)dt + k:BLT(M — L)(x, )dt + \/2ydW (x, t)} (3.2)
where 7, u, and T represent the coupling, chemical potential, and temperature of the
reservoir and P is the C-region projection operator as before. But although we will not
discuss this equation formally, we can gain some insight into what it says.

The first term is the familiar Hamiltonian operator for a Bose gas, in the same form
as it appeared in the GPE and PGPE.

The second term contributes damping to the system. In the absence of the third
ternﬂ the system would evolve until the chemical potential of the system is equal to
the chosen value for the parameter p. Note that this damping term disappears when
(i — L)YP(x,t) = 0, which is reminiscent of the time-independent PGPE equation.

The final term dW (x,t) has come from the Wigner formalism. It contributes com-
plex gaussian noise to the system from the reservoir, transferring energy and particles

!The case dW = 0 is known as the quiet PGPE
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from the I- to the C-region.

3.2 Algorithm Validation; Density Distributions

Computationally, the SPGPE is implemented using a 4-5 Runge-Kutta algorithm, with
an adaptive step size. At the end of each step, some noise is added using the Euler
method.

Our SPGPE code builds on the dipolar PGPE code in the previous chapter. The
main issues in validating the code are not whether the dipole-dipole interactions are
implemented correctly, as we verfied this already for the PGPE. We want to determine
is whether the noise and damping have been correctly implemented.

To do this, we considered the k-space density distribution of the gas when it is at
equilibrium. By “k-space density distribution”, I mean

N(k) = (|F(¥(x))*) (3.3)

Before we begin discussing results from simulations, let us first predict what we will
see at low temperatures.

In low temperature regimes, the Bogoliubov approximation is valid, and individ-
ual quasiparticle modes interact with the reservoir independently of one another. We
therefore expect each quasiparticle mode to have a mean occupation O]ﬂ

kT
€ — M

(Gl i) = (34)

where €, — p is given by the Bogoliubov dispersion relation Ejy = \/62(62 + 2nV (k)),
since the Bogoliubov energies are defined relative to the condensate chemical potential.

We must deduce what equation [3.4] implies for the plane-wave operators ay, as it is
in a plane-wave basis that we consider our system numerically. Recall that we defined
the quasiparticle operators as

e =upéye — vpal |

[

T (3.5)
&—k —uk@_k — Ukéék

2The reader may rightfully ask why we have not used the Bose-Einstein distribution here. The
SPGPE assumes that the occupation of the modes in the C-region have an occupation much larger
than unity. Because of this, we expect the mean occupation of any given mode to be given not
by the Bose-Einstein distribution, but by classical limit of the Bose-Einstein distribution — that is,
equipartition.
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It follows from these definitions that

o g = uial dne — upvp (6w + & ay) + via_al | (3.6)
Taking averages, we obtain
(af o) = (6 enduf + (61 ) + Do (3.7)

The ensemble averages (G_xdy) and <dLé¢_k> vanished because the quasiparticle oper-
ators were defined to remove non-diagonal terms from the Hamiltonian.
Additionally, in the classical limit the commutator [dL, ax] is negligible, so using
equation [3.4] we arrive at the final result
A kT
N (k) = (i n) = (uf + 0f) =~ (3.8)
This is the k-space density distribution we expect our system to obey. Since we used
Bogoliubov theory in its derivation, it should only hold at low temperatures, where
quasiparticle interactions are negligible.

The Noninteracting Gas

To confirm our SPGPE code was working correctly, we first considered the noninteract-
ing gas (¢ = gqq = 0). In this case the non-interacting plane wave modes are themselves
the quasiparticlesﬂ Thus the plane wave modes themselves should obey the distribu-
tion %—Z. Knowing this, we simulated the non-interacting gas at low temperatures.

The results of these simulations are displayed in Figure |3.2

30ne can show explicitly that in the noninteracting case we have ur = 1, vx = 0

T =0.01

Figure 3.2: Mode occupation for a non-interacting gas
evolved using the SPGPE with p = 107%. The average
mode occupation as found by our code is plotted in red,
green and blue for three different low reservoir tempera-
tures. The black lines show the theoretical distributions
as given by equation [3.8] which are well matched by the
data.

10g10[N(k)]




CHAPTER 3. THE SPGPE 36

It is important to note that we would expect the SPGPE to predict a classical dis-
tribution even in those cases where the system has very few excitations. Recall that
c-field techniques assume that the modes in the C-region are macroscopically occupied.
In these low energy cases, this assumption is invalid, so when we apply the SPGPE
to these systems, we do so erroneously. This is reflected in the fact that the SPGPE
returns not the Bose-Einstein distribution, but its classical limit.

Because the SPGPE code returned the classical distribution we had confidence that

the algorithm was functioning correctly for the non-interacting case.

The Interacting Gas

With more confidence in my SPGPE implementation, we now reintroduce both contact
and dipolar interactions to the system, and consider the effect of temperature on N (k).
We did this for the three cases from Figure — the “contact”, “weakly dipolar”,
and “strongly dipolar” cases we previously studied using the PGPE. The results for
the weakly dipolar case are shown in Figure (3.3

3
T =0.1
— 2 Ny/N =0.98
3 .
=
&0
9 T =1 T =2 T =3
No/N =0.79|| Ng/N =0.52|| No/N =0.27

0 1 2 0 1 2 0 1 2 0 1 2
k k k
- SPGPE Simulation = ——DBogoliubov

Figure 3.3: k-space density distributions N (k) in the weakly dipolar case.

From this figure, it is evident that the density profile does not significantly differ from
the Bogoliubov theory, at low temperatures, demonstrating that our SPGPE method
is working in the interacting regime. Furthermore, the theories continued to agree even
at high temperatures.

We saw good agreement with Bogoliubov theory for the contact and strongly dipolar
cases, too. The distribution was changed very littldﬂ by dipolar interactions.

4We do see a “bump” in the strongly dipolar profile, corresponding to the “halo” we saw for rotonic
systems in Chapter [2l However, this bump was very small and would be incredibly hard to measure.
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3.3 Density Fluctuations

As we just discussed, the density distributions N (k) were not drastically affected by
introducing dipolar interactions. In light of this, we now turn to a quantity that should
be much more sensitive to interactions: density fluctuations. We define

ong = F (n(x) —n) (3.9)

as the spatial spectrum of density fluctuations, which are characterised by the expec-

tation ,
(|ong]?)
N

The quantity S(k) is a measure of the density fluctuations, and is known as the static

S(k) = (3.10)

structure factor. The division by N (the total particle number) ensures it is conven-
tionally normalised. As it can be seen from its definition, the density fluctuations are
a k-space decomposition of the fluctuations in the system’s density.

It is already known that the density fluctuations of a gas differ notably between
contact and dipolar gases. Density fluctuations have been identified as a possible “sig-
nature” for dipolar interactions [37].

Importantly, density fluctuations have been experimentally measured using in situ
imaging [38] and by Bragg spectroscopy [39], so they are a reasonable parameter to
consider.

As always, we will want to compare our simulation results to preexisting theory, so
before carrying out simulations we will first consider some theoretical predictions.

Bogoliubov Treatment of Density Fluctuations

We now construct what Bogoliubov theory predicts for the density fluctuations. Again,
let us adopt the plane-wave basis

h(x) = Z%e“‘"‘&k (3.11)

k

In this basis, the corresponding operator 7 (x) = 1(x)1)(x) can be written as

) 1 g ¢
n(x) = 5 D €Ny (3.12)
q
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where

Noq=>df_ i (3.13)
k

Now, if we adopt the Bogoliubov prescription ag, &g — v/ Ny, we can separate Nq into
terms proportional to Ng, /Ny and 1. Since Ny > 1, these terms get progressively
smaller. To order /Ny, equation becomes

Ny = No+ v NO(&iq + aq) = No + v/ No(uq — Uq)(@tq + Gq) (3.14)

If we substitute equation back into equation [3.12] it can be seen that the density
fluctuations of the gas (in real space) are given by

Sn(x) = n(x) -7 = @ D e (u — v (@l g + dq) (3.15)

q#0

where we have set 7 = Ny/L?. In Fourier space, these density fluctuations become

onk = /dx ek §i(x)

(3.16)
= No(uk - Uk)(ékL + d,k)
Thus
(0nf o) = No(ug — vi)*((du + a1y ) (6] + a i) (3.17)
Noting that some of the ensemble averages disappear, we find thatﬁ
Sie|? At A PR
S(k) = <|N‘;|> = (up, — o) (Al éne) + (@ Lay) +1) (3.18)

In the classical limit the commutator is negligible and ensemble averages are given by
the limit of the Bose-Einstein distribution (much like when we were considering density
distributions). Therefore we obtain the final result

S(k) = (u, — vg)*—— (3.19)

5The reader may notice that I here divide by No, but when I originally introduced density fluctu-
ations in equation I divided by N. In the Bogoliubov case, Ny = N. But we will soon consider
higher temperatures where the condensate number will drop significantly below N. At these higher
temperatures, N is the appropriate divisor.
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Simulations

Having established a theoretical expression for density fluctuations in the Bogoliubov
regime, we are ready to consider some simulations.

Density fluctuations are ideally measured when the system is at equilibrium. We
therefore started with a “top hat” wavefunction, and allowed it to evolve until it equili-
brated. We then periodically measured dny as the system evolved while in equilibrium.
The density fluctuations can then be calculated using the average of this set of accu-
mulated measurements {d7ny}.

Figure [3.4] illustrates two typical density fluctuation results.

Figure 3.4: Density fluctuations at T = u = v = 1 for the “contact” (g = 0.25, gqq = 0) case
and a “moderately” dipolar system (g = 0, gqq = 0.125), averaged over a time of ~ 2007 and
for a system with L = 80 and €.,; = 5.

In contrast to the density distributions, there is a very clear difference between these
two sets of results. The contact distribution appears much like a “hill”, whereas the

[4

dipolar distribution becomes a “volcano” with a peak in density fluctuations for near-
rotonic wavelengths. It seems that it is very favourable for these modes to fluctuate.
This volcano-like distribution is characteristic of dipolar systems. It is also important
to note that the maximum fluctuation value is more than three times larger in the
dipolar case.

Let us study these results in more detail. We are specifically interested how the
density fluctuations are dependent on temperature. At low temperatures, the SPGPE
and Bogoliubov theories should predict similar density fluctuations. However, at higher

temperatures the Bogoliubov treatment becomes invalid. In these regimes, the c-field
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predictions should begin to disagree with the predictions of Bogolibov theory, and the
SPGPE should provide some insight into the effects of quasiparticle interactions. We
examine the temperature dependence of density fluctuations in Figure [3.5

2
T=0.1 T=1
B No/N =098  |[ No/N =081
— 1 ]
=
0.5
n,
o 0
a0
o) -0.5
p—f _1 ]
18 No/N = 0.61 No/N = 0.11
2
T =01 T=1
S No/N = 0.98 No/N = 0.79
— 1
=
0.5 .
o 0 )
o0
) -0.5
— 1 /\
T=2 T=3
18 No/N = 0.52 No/N = 0.27
2 1 2 0 1 2 0 1 2 0 1 2
k k k k

—Bogoliubov - SPGPE simulation

Figure 3.5: Density fluctuations as a function of k = | /k2 + k2 for the contact (top row) and

weakly dipolar cases (bottom row). Each set of simulation data is simply the radial profile of
a distribution much like those of Figure (One can picture rotating these graphs about the
k =0 axis to recover “hills” and “volcanoes”.) The parameters chosen for these simulations
were =y =1, L = 80, and €.,y = 5, and the fluctuations were measured over a time span of
~ 2007.

As suspected, we witness a departure of the SPGPE from Bogoliubov theory: in both
cases, the SPGPE predicts significantly lower density fluctuations at low k values.

These are the results for the “contact” and “weakly dipolar” case. As I attempted to
obtain the same results for the strongly dipolar case, we witnessed a familiar instability:
the “pimple” features resurfaced.
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For the strongly dipolar case, the simulations were incredibly temperamental, break-
ing down at temperatures as low as 7" = 0.1. As they did in the case of the PGPE,
these pimples prevented us from considering high temperature, strongly dipolar sys-
tems. As a concession, we weakened the dipolar effects to consider a system with a
“moderate” dipolar strength (lying in between the “weakly” and “strongly” dipolar
cases we’ve been considering). However, even this system showed some instabilities for
T 2 1, which are shown in Figure

Figure 3.6: Snapshots of the position space density of a “moderately” dipolar gas evolving
via the SPGPE at T = 1.5. In the space of these three time steps, a “pimple” appears, and
very shortly after 7 = 59 the code broke down.

Of course, one would not turn to the SPGPE to try to avoid these pimples forming (and
this was not our primary motivation for leaving the PGPE). The pimples, as we have
discussed, are regions of incredibly high density that grow dramatically, pulling more
of the surrounding gas into itself. Because the SPGPE has introduced coupling with
an “infinite” particle reservoir, this growth is now even more dramatic; the pimple can
grow even faster by drawing particles from the reservoir. This made the appearance
of pimples even more calamitous; upon pimple formation, the Runge-Kutta algorithm
almost immediately broke down (no step size, no matter how small, would return a
result within the the algorithm’s error tolerance).
We will not pursue the strongly dipolar (rotonic) regime hereﬁ

5We note that by working in the larger condensate regime (keeping p = n(g + 2gaa) constant but
increasing n and decreasing g + 2g4q we expect the instability to be less troublesome.
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3.4 An Upper Bound on the Dispersion

As already discussed, the density fluctuations of a gas are dramatically affected by
dipolar interactions and thus serve as a signature of the dipole-dipole interaction.
Furthermore, the usefulness of knowing S(k) extends beyond knowing how the gas
will fluctuate.
When we considered elementary excitations of the zero temperature dipolar Bose
gas in Section [I.5], we acquired the dispersion relation

Ej = \/ (€2 +2nV (k) (3.20)
where 62 = @2—7’5 is the single particle energy, n is the particle density and f/(k) is the
interaction potential in Fourier space.

This expression for the dispersion only holds where the Bogoliubov approximation
is valid (namely, when the thermal depletion is small). As we push upwards to higher
temperatures, the dispersion relation itself will be affected and we cannot expect equa-
tion [3:20 to be accurate.

Calculating the dispersion relation at non-zero temperatures is a difficult task. How-
ever, because we know how S(k) behaves at higher temperatures, we are in a position
to gain some insight into how the dispersion relation has shifted. This is what we will
investigate now.

In his studies of liquid helium, Feynman proposed [40] that the dispersion relation

has an upper bound given by
0

B < ;(’2) (3.21)

(He obtained this result via a variational approach.) Equation only applies at zero

temperature, but it can be generalised to nonzero temperatures [41] as

Ek
w(k) Swp(k)  where  hwp(k) tanh (Eﬁ?) - ok (3.22)

which in the classical limit (leading to equipartition) becomes

h%}%(l{): ek
o%ksT  S(k)

(3.23)

To get an appreciation as to where this is coming from, let us reconsider the Bogoliubov
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prediction for density fluctuations. This was given by equation [3.19] as

S(k) = (ur — vk) E,

(3.24)

where FEj is the Bogoliubov dispersion. We know explicitly what u; and v are in
terms of €} and nV (k) (see equation . Using these definitions, we can expand

these coeflicients to show that 0
2 _ &
U — V) = 3.25
(1 = ) = 2 (3.25)
and thus equation becomes

2e)kpT 2efkpT
= = Ej = 0 2
S(k) £? R =1/ S(h) (3.26)

Note that this matches equation However, in that result wp (k) was an upper bound
on the dispersion, not the dispersion itself. It just so happens that in the Bogoliubov

limit the dispersion w is equal to the upper bound wg.
In conclusion, we can infer an upper bound for the system’s dispersion relation
given by
2ekkpT
S(k)

Ej, < (3.27)

In the previous section, we obtained a new (and hopefully improved) S(k) via SPGPE
simulations. We can now use those results to derive a new upper bound on Ej (see

Figures and .
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Figure 3.7: Dispersion relations for the contact (top row) and weakly dipolar cases (bottom
row). The Bogoliubov dispersion relation is plotted in red, while in black we have the new upper
bound as calculated using the SPGPE density fluctuation results. These plots were obtained

for the same parameters as Figure [3.5]

For the contact and weakly dipolar cases, the “pimples” did not trouble us, and we were

able to consider the high temperature regimes of interest. As expected, the Bogoliubov

and SPGPE Feynman limit agree at low temperatures, and at higher temperatures, they
part, with the SPGPE predicting upper bounds that are higher than what Bogoliubov

theory proposes. Interestingly, the dipolar case is closer to the Bogoliubov dispersion

than the contact case.
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Unfortunately, the appearance of the instabilities completely prevented us from
studying the strongly dipolar regime. However, we did investigate the “moderately
dipolar” case; the results for which are shown in Figure [3.8

4t T=0.1 T=0.5 T=1
No/N = 0.98 No/N = 0.88 No/N = 0.77
03
3
32
1
0
0 1 2 0 1 2 0 1 2
k k k
—Bogoliubov dispersion - SPGPE classical Feynman limit

Figure 3.8: Dispersion relation for the moderately dipolar case. These were obtained for the
same parameters as Figure but with g = 0, gqq = 0.125.

These results are still for low temperatures, so by T'= 1 we do not yet see substantial
change in the dispersion. However, what small disagreements we do see hint at a
possible increase in the dispersion for low k modes, whcih would suggest these modes
are more robust than Bogoliubov theory indicates. But more importantly, we also see
suggestions of a decrease at more energetic modes, suggesting these modes are softened
by their interaction with other quasiparticles. This is quite different from the raised
dispersions in the contact and weakly dipolar cases, where the higher modes increased
in energy. In light of this, one might boldly speculate that for stronger dipolar cases
the dispersion will lower at high k.



Conclusion and Future Work

In summary, the significant achievements of this work are as follows:

Implementation of the PGPE and SPGPE for quasi-2D dipolar systems

We successfully made the first implementation of the PGPE and SPGPE for quasi-
2D dipolar gases. In this dissertation, I have described this implementation and the
extensive validation of our algorithm that we carried out.

Having read this dissertation, it may appear to the reader that the only options for
theoretically considering Bose gases are either Bogoliubov theory or c-field techniques.
Of course, this is not the case. There are a number of methods for considering these
systemsﬂ

A standard procedure for treating non-zero temperature BECs is the Hartree-Fock-
Bogoliubov-Popov (HFBP) formalism. The HFBP is an improvement upon the Bogoli-
ubov approximation, and has been widely used in the case of Bose gases with contact
interactions. However, incorporating long-range interactions into the HFBP is a chal-
lenge. It is particularly difficult to incorporate the thermal exchange interactionﬂ For
this reason, the HFBP is not ideal for considering the dipole-dipole interaction.

We encountered no such difficulties when using c-field techniques — these methods
are better suited to handling long-range interactions. For this reason, our success in
implementing these c-field methods for dipolar interactions is an important achieve-
ment.

Identifying Roton Regime Instability

Having implemented c-field techniques, we explored the behaviour of dipolar gases, and
quickly discovered system instabilities. In the rotonic regime, the system appears highly
sensitive to thermal fluctuations, even for systems with very small thermal fractions.
This behaviour is not apparent from Bogoliubov theory.

These instabilities, which appeared in both the PGPE and SPGPE simulations,
are of substantial interest. Currently, there is a lot of attention in the dipolar BEC

1For an in-depth discussion about some of these techniques, see [42]

2Recall that the exchange interaction is the interaction between two identical particles arising from
symmetrisation of the wavefunction. The thermal exchange interaction is concerned with the exchange
interaction of particles outside the condensate (hence “thermal”).

46
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community focused on the stability of these condensates. With experiments currently
searching for evidence of rotons in dipolar BECs, our initial findings suggest it may be
difficult to obtain equilibrium systems in the roton regime.

Study of Density Fluctuations

We obtained the density fluctuations for the contact and weakly dipolar regimes, and
there were dramatic differences in the density fluctuation profiles for these two cases.
Furthermore, we also found that c-field techniques suggested density fluctuations will
be smaller than Bogoliubov theory predicts. These differences are something that
experiments could explore.

The density fluctuations we obtained also provided some insight into the dispersion
relation of the system.

From here, there are a number of possible avenues for further work.

We identified system instabilities of significant interest — but we have only noted
their appearance. Characterising collapse and studying the lead-up to collapse could
be worthwhile. This may allow us to assess the time window in which it might be
practical to detect rotons.

In further study of the instabilities, it would be interesting to incorporate three-
body loss terms into our equations of motion. Three body loss leads to particle loss in
regions of high density, and this action may combat the local density peaks seen during
collapse.

It would also be worthwhile to consider better methods for inferring the dispersion
relation of our system. The Feynman limit we considered is an upper bound, and can
be a fairly poor estimate for the actual dispersion. If we are indeed witnessing rotonic
collapse, the dispersion ought to be approaching zero. There exist better methods for
extracting the dispersion relation of the system, and these improved dispersions may
tell a different story.

If we were not interested in the collapse, but instead desired to study the density
distributions and dispersions for the rotonic regime, we could avoid the instabilities
by working in the larger condensate regime (for example, by keeping p = n(g + 2944)
constant but increasing n and decreasing g + 2¢g44). This way, we should be able to
obtain stable rotonic systems.

It would also be worthwhile comparing our results found in this dissertation (such
as density fluctuations) to other non-zero temperature theories such as HFBP. Making
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these comparisons could verify what we have seen — or possibly force us to consider
and resolve any differences between the two theories, should they arise.

Finally, our system may provide a method for evaluating thermal exchange inter-
actions for large systems. As such, existing studies using self-consistent mean field
calculations have only been able to consider small systems and are computationally
very expensive [43, [44]. Our techniques can treat large systems and make including
thermal exchange interactions tractable.
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Appendices

A.1 The Limitations to Quasi-2D

Quasi-2D geometry is really a limiting case of the oblate spherical trap — experimen-
tally, the condensate necessarily needs to be confined in all directions. We make a
number of assumptions in adopting a quasi-2D geometry. It is therefore important to
know the applicability and limitations of these assumptions.

To have a quasi-2D geometry, recall that we required the following conditions to
hold

kpT < hw, (Al)
R ne(g + 2g4q) <K hw, (A.2)

In this case, we asserted that ¥(x) = x(z)1¥(p), where x(z) is the ground state of the

_ 1 22 A3
x(z) = 7ZZ1/27T1/46XP —ng (A.3)

However, this ansatz is not entirely valid. Current dipolar experiments with flat “pan-

harmonic oscillator

cake” trap geometries do not quite satisfy these assumptions.

Furthermore, the conditions and are often pushed, if not broken, in many
situations. In fact, in the case of repulsive contact interactions, roton collapse can only
occur once the quasi-2D assumptions have already been violated [45].

All of this paints a fairly gloomy picture for quasi-2D, and any hope for obtain-
ing useful information from quasi-2D models would appear faint. However, quasi-2D
systems can in fact be qualitatively good models. Wilson et al. [46] considered an
ultracold dipolar Bose gas in a one-dimensional lattice, as illustrated in Figure

54
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Figure A.1: A one-dimensional lattice, consisting of stacked oblate wells. This is a typical
experimental trap.

Wilson et al. then considered the validity of this ansatz by considering an alternative
ansatz for the axial wavefunction

X(2) = S (ol 0) + Ma(=.1.) (A4
where [, was now allowed to vary, xo and ys are the ground and second excited states of
the harmonic potential, respectively, and A is some parameter that defines the fraction
of the wavefunction in the second excited state. This new anzatz allows the axial
wavefunction to deform symmetrically. (They did not consider the first excited state,
as its introduction would instead lead to translation.)

They then compared the results of simulations of three cases

e A =0 and [, fixed (the standard quasi-2D assumption)
e both A\ and [, treated variationally
e full three-dimensional modelling

They found that while quantitatively the results of these simulations differed, they
exhibited the same behaviour qualitatively.

This vindicates our choice to work in a quasi-2D geometry. So long as we keep in
mind that our results may not be quantitatively accurate, quasi-2D models are very
useful. Full three dimensional simulations of systems such as ours would be compu-
tationally very expensive. With quasi-2D models, we remove one dimension from the
problem completely, which enormously reduces the computational demands of any sim-
ulations.

It is telling that, having studied this variational ansatz for x(z), Wilson et al.
returned to consider quasi-2D systems in subsequent publications.
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A.2 Dipole-Dipole Potential

Here, we evaluate the dipole interaction potential as it appears in the GPE (equation
1.14) and elsewhere. The term we want to evaluate is

[ v Va5 yx) (A.5)

Since we are in quasi-2D, we can also integrate out the z direction to remove the z
dependence from the problem

[z [ax v vt - x)ue) )
— [tz [a [a v emie- s o
= / dp' [ (p))? / dz / dz' x*(2)x" (2" Va(x — X )x(2")x(2)

Va(p—p')

To evaluate this integral, let us consider the interaction potential of identical dipole
moments aligned along the z direction.

Va(x) = & (1 ~3(%- a)z) (A.7)

_X3

The fourier transform of Vy(x) is given by

Va(k) = gaa (3 (",;) - 1) (A.8)

Now, for reasons that will be apparent in a moment, let us consider the following
integral

Vak,) = / dk.n(k.)*Vy(k) (A.9)

To calculate 71, (k. ), recall that in the quasi-2D regime we assume the axial wavefunction
takes the explicit form x(z) given in equation From this, we find

(k) = F(Ix(2)) = exp (—W) (A.10)
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so we can evaluate the integral to give

2
Va(k,) = gdd,/dkz o 3k <3 <k];z> - 1)

(A.11)
_ 9dd <kplz>
Verl, \ V2
where
F(q) = 2 — 3v/mqe? erfe(q) (A.12)

We are interested in this integral because it is the Fourier transform of Vy(p — p’), the
term that we were interested in equation (I will not prove that this is the case,
but I refer the reader to Appendix A of [9].)

Seeing that we have acquired the Fourier transform of Vy(p — p’), we can now
evaluate equation using the convolution theorem, to obtain

Jasxc@ fox vt e = [ i
_ Fl (ﬁ(kp)f/d(kp))

where n(k,) = F(|1)(p)|?). This is the explicit form for the interaction integral that
we desire. For brevity, we define ®p(x) = F 1 <ﬁ(kp)f/d(kp)>

A.3 Asymptotic Limit of the Complementary Error Func-
tion

When implementing dipolar interactions, we must consider the interaction potential in
k-space. As discussed already, it takes the form

~ k,l
Va(kp) = ga,q2pF ( %) where F(q) =2-3ymq exp?’ erfc(q) (A.14)
MATLAB® handles F(q) badly for large ¢ since the exponential term grows very, very
quickly while the complementary shrinks oppositely. MATLAB® tries to evaluate these
two terms separately, and soon returns infinities. This can be resolved as follows.
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For large ¢, the complementary error function is given by

o (2n— 1!

where (2n — 1)!! is the double factorial: the product of all odd numbers up to 2n — 1.
Using this, F'(q) can be computed as

F(q)=2-3 <1+Z 7;@;””) (A.16)

Casting the complementary error function in this form resolves all the difficulties
MATLAB® had in evaluating it.

A.4 Bogoliubov Quasiparticles in Dipolar Gases

In Section we presented the results from diagonalising our system’s Hamiltonian.
In this appendix, we explicitly carry out this diagonalisation process. As found in that
section, the Hamiltonian of a quasi-2D system in a plane wave basis is given in by

th 1 o ) o
_Z +ﬁ Z V(q)a’li1+qa’l£2—qa’k1ak2 (A17)

ki,k2,q

Recall that having restricted ourselves to an ultracold gas that is almost exclusively in
the condensate, we have Ny > 1, and thus

&O’N{),0,0,...> ~ 1/ NQ|N0,0,0,...> (AJ,S|N0,O,O,> ~ \/ N0|N0,0,0,...> (A18)

In light of this, Bogoliubov suggested the approximation ag, &g — /Ny [15].

By employing this approximation, the Hamiltonian separates into terms propor-
tional to N2, N03/2, Ny, and so on. Since Ny > 1, these get progressively smaller. We
use this approach to simplify the Hamiltonian of equation Keeping only terms
up to order Ny, the kinetic part can be written as

; LS~ o (ata oot o
Hyn = B lggoek (“kak + a_ka—k) (A.19)
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Meanwhile, the interaction part of the Hamiltonian becomes

B ~ % No2V (0) + 2N01§)f/(0) (ali&k) +No lé:off(k) (&li&k +al )
+No V() (af ol + aca )
k0

(A.20)

We've kept only the terms of NZ and Ny (the Ng’ /2 terms vanish). The three sums are
called the direct, exchange, and pairing interactions respectively.
It is worthwhile writing Ny as

No=N-Y"afa (A.21)
k0

because N (the number of particles in our cell) is fixed. Substituting this into

gives

i = %an/(o) + % D [(6,2 +nV (k) (aliak + ajka_k) +nV (k) (aj{aik + Aka_k)]
k#0
(A.22)
We’ve neglected terms like (D, 20 Ok &11)2, which will be comparatively small. Also note
that the direct interactions have been cancelled entirely by introducing
This Hamiltonian is a quadratic form in the creation and annihilation operators. We
can therefore diagonalise the Hamiltonian by introducing the “quasiparticle” operators

&L and &j, where

A A AT A A AT

ax = UROQK — VpQ ax = UrpQk + Vpa’

AT “T Ak —— AT “T Ak (A23)
a_y, = upQ_y — UpQx Q= Uga_y + vpok

where u; and v are some real coefficients. This transformation is canonical provided

the Bose commutation relations are satisfied,

[@L, ] = Opwr = ui — v;% =1 (A.24)
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Directly substituting this into the Hamiltonian gives

H= %an/(O) + Z ((62 +nV (k))vi — nV(k)ukvk)

k=£0
1 - -~
52 (e +nV ()} +0f) — 20V (Kugor ) [ dn + 6l o
k0
1 - ~
= (nV(k)(uz o) — 20 + nV(k))ukvk> [dlt&ik + dk&_k}
k0
(A.25)
This is diagonal in &Ldk provided we choose u and v to satisfy
nV (k) (us +v3) — 2(e2 + nV (k))upvp = 0 (A.26)

We can incorporate uz — vi = 1 by writing u; = cosh §; and vy = sinh 0, so it follows
that

V (k 1 V (k
tanh(20,) = — V) o Lt (V) (A.27)
) +nV (k) 2 e 4+ nV (k)
From this, we can easily calculate u; and vg. This choice of up and vg gives the
Hamiltonian
g LoNT 1 0T 1 a4 at 4
= SnNV(0)+ 5> (B == nV(0)) + 5> B (afax+al ) (a28)
k£0 k+£0
where we define
B = /(&) + 0V ()2 — (nV ()2 = /() + 207 (k) (A.29)

Now, this Hamiltonian is diagonal. Of course, we have neglected higher order terms so
the quasiparticles do not truly diagonalise the full Hamiltonian. It is also worthwhile
noting that the form of the Hamiltonian makes it apparent that Fj is the dispersion
relation of the gas.

A Note on Conventions

There are multiple conventions as to how the quasiparticle operators are defined. How
we defined them, in equation[A.23] is by no means unique. I have chosen to be consistent
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with [47], as opposed to the conventions used by [12), 48] [49]
What is more noteworthy, however, is a subtlety of a common method for solving
for ug and vi. Some authors provide the following solution:

1 () +nV(k

However, this approach only works properly if uy and vy are positive. (The authors
who use this approach are usually treating a situation with contact interactions only,
in which case nV (k) = ng, so this assumption is quite reasonable.) For a dipolar gas,
it is possible for u; and v to run negative while the gas remains stable. In this case,
we must use the the solution involving 6.

A.5 An Alternative Approach; the Bogoliubov de Gennes
Equations

Consider again the Gross-Pitaevskii Equation

(1) = (Hﬂ) 4 / dx’ 1 (x, )V (x - x’)w<x7t>> v, 1)

In Section[I.5we treated excitations of this system by considering quasiparticles, whose
introduction diagonalised the Hamiltonian to first order. I claimed that this is equiva-
lent to linearising small oscillations in the Gross-Pitaevskii Equation.

Here, I want to demonstrate this equivalence. The following linearisation procedure
offers an intuitive way of considering the Bogoliubov approximation, and equips us with
a few results I called on in this dissertation.

In the ultra-cold regime, the system is almost fully condensed, so Ny/N =~ 1. There-
fore, we can make the approximation that the field operator can be separated into a
large condensate fraction and a small fluctuation operator

~

Y=o+ @ (A.31)

where g is normalised to Ny and ¢ satisfies the bosonic commutation relations

200, )| =ox =) [p(x),0(x)] = |61 ), 61 (x)| =0 (A32)
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This approximation can be used to rewrite the Hamiltonian. Unfortunately, this pre-
scription means that particle number is no longer conserved, so we must introduce a
grand canonical Hamiltonian K=H- MN with the chemical potential u. The chem-
ical potential acts as Lagrange multiplier that ensures that the number of particles is
conserved.

We can express K perturbatively as K = Ko+ f(l + f(g + ... where f(z contains the
terms of i*" order in the fluctuations B(x). In this expansion, the zeroth order term is

Ky= /dx (%) (ﬁ(l) — u) o(x) + % //dx dx’ g (%) (X )V (x — x' ) o (%' )1ho (x)
(A.33)

If we demand that 1p(x) minimises Ky, we obtain

(X)) = (ﬁﬂ) (x) + / dx" i (x)V (x — x')wg(x')> Yo(x) (A.34)

which is the Gross-Pitaevskii equation. We can easily see that this is satisfied by

No 15
X) = /1 where ng=——» = ——— A.35
Yolx) ‘ T g+ g (A.35)

However, we are also interested in the higher order terms for our “Kamiltonian”. The

next non-zero term is the second order term

Kg—/dx H(l)—,u>gb(x)—|—;//dde'V(x—x')
X {SOT( ) (Yo (x)tbo () + T ()15 (x) @ (x Yo (x) + &7 (x) 5 (x )b () 6 (x)

+ 195 ()T (% )tho (x')p(x) + 05 ()05 (x)p(x) (%) + %(X)@WX’)@(X’)%(X)}
(A.36)
If we now define £ = HM — p+ [ dx’ ¢ (x')V (x —x')1(x'), and assume that V (x —x')
is symmetric in x and x’, this can be rewritten as

Ky = /dx @ (x)Lp(x) + ;//dx dx' V(x —x')
X

{61061 )0 (o Yo (0) + 267 (x) G ) (o Yo (%) + SLx) (Vi (i )}
(A.37)
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The dynamical equations for the fluctuation operators are

3@ &pT At 7
at [SO,KQ] and ih—— ot - [90 ’K2]

From equations and , it is straightforward to find the equations of motion

n?2%) _ (24 D) plx) + C1 )
—iha(ﬁ;ix) — "¢ (x) (E + D*)

where we have defined the operators

C10) = [ axnlx)V (x = ) 1< bolx)
C* f(x) = / dx' 3 (x")V (x — x') f (X)) (x)

We now assume ¢(x) can be expanded as

o(x) = Z [uj(x)&je*i‘*’jt _ Uj( ) At eiws ]
J#0

63

(A.38)

(A.39)

(A.40)

(A.41)
(A.42)
(A.43)

(A.44)

(A.45)

where @ and &' are some annihilation and creation operators that obey the Bosonic

commutation relations, and u;(x) and v;(x) are some (as of yet unspecified) functions.

Since we know that ¢ satisfies the bosonic commutation relations, it follows that u;(x)

and v;(x) must satisfy

/ dx (u(x)uj (%) — v} ()0 (%)) = i

(A.46)

Substituting equation into equations [A:39] and [A740] yields the Bogoliubov de
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Gennes equations:
Fwjui(x) = (E + D) uj(x) — Cv;(x) (A.47)
—huwi(x) = C*uj(x) — (c + f)*) v;(x) (A.48)

I have been deliberately suggestive in my use of the notation w;(x) and v;(x). In fact,
the Bogoliubov de Gennes equations have the solutions

eik]’~x

uj(x) = u; 7 (A.49)
eikj~x

Vg (X) = vy I (A50)

where u; and v; are the coefficients associated with the quasiparticle of wavevector kjE|

1 V(k,
uj = cosh | = tanh ! Lf)

1 V(k;
v; = sinh | = tanh ! Lf)

To prove that [A749] and [A750] give a solution to [A47], we proceed as follows. Firstly,
note that we have

Specifically,

(A51)

el iy (1) TN, ' N €
5 = (0w [ i eV - K )
iki-x iki-x
_ (0 €9 noe" , o
= (eg — 1) 7 + 7 /de(x X')
ik -x iki-x
_ (0 _ N e T v (A.52)
0 ikj-x
= (eg — 1+ n0(g + 294a)) I
ik;i-x
_ o0¢™”
_6q I

In the previous section, we denoted these u and v according their corresponding wavevector. To
simplify notation here, I will instead refer to them by using indices.
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and
ik, -x ik ox!
ol :/dxlwo(x’)V(x—x’)eg Yo(x)
ik;-(x+r)
:% drV(r)% (A.53)
eikj-x -
= nOV(kJ>
and
N eik]‘~x N eikj~x/
L / XY )V (x = X) o (x)
ikj-(x+r)
:% drV(r)% (A.54)
eikj-x -
= —7 oV (k;)

We can then evaluate the right hand side of [A.47}

B A 10 1 1o 1q-X
(£+ D) uj(x) = Co(x) = { (e + —V(k-)) w; = LV (kv i} et
uj (A.55)
= {e +noV (k;)(1 — v;/uj) }f
We can evaluate the ratio vj/u; using to show that
. 1 (k.
Y tanh { = tanh ™" —nov(~j)

- = (8 maP706) = /e + maV 1)) — (0¥ )2
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in which case we can rewrite [A.55] as

(£ + ﬁ) uj(x) — Cj(x)

= {62 + nof/(kj) - (62 + TLQ‘N/(kj) - \/(62 + 710‘7(1(]'))2 - (nof/(k]))2> } ’LL]'(X)

= \/(62 + noV(kﬂ)2 — (nOV(kj)) uj(x)
= hw]‘Uj(X)

(A.57)
so equation is indeed satisfied. The proof to show that is satisfied is entirely
analogous.

Single Quasiparticle Dynamics
In Subsection 2.3 T claimed that
Y(x,t) = e (o (x) + AD(x, 1))
— efi,ut/h (¢O(X) + % [uqei(kq-xqut) - qui(kq-qut):|>

satisfies the time dependent GPE equation. Here, I will prove that this is the case.
Firstly, we have

1) = () + oy [ugei ) gkt el 55)

The kinetic term gives
h2V?
© 2m
and finally, the interaction term yields

Y(x,t) = Ad0(x, 1) (A.59)

([ v ee.ovx=xpwee ax ) wix

= (/ Do (x )V (x — x’)¢0(xl7t)dxl> to(x; 1) (A.60)

+ A (/ Yo (X, )V (x — X')wo(x’,t)dx'> ¥(x,t)
+ADY(X 1) + ACY* (X, 1)
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The zeroth order terms amount to the GPE, which is satisfied. The first order terms

are

Tuwg [uqei(kq'x_“’qt) + vqe_i(kq'x_“’qt)] = LO(x,t) + DI(x,t) + CY*(x,1) (A.61)

Equating coefficients of e*™at gives

Feoguge™s™ = (L + ﬁ) uge® e — Gy eikax
. . A . (A.62)
_hquqequ.x _ C*ququ.x o (,C + D*> uqequ-x

Recognising these as the Bogoliubov de Gennes equations, we know these are satisfied

ikgx kax a5 shown the previous Appendix. Therefore the proof is done:

for uqe and vge

to first order, our “single quasiparticle” evolves as claimed in equation

A.6 Calculating Density Fluctuations in MATLAB®

I spent a lot of time working out how to properly calculate the density fluctuation in
MATLAB® of a quasi-2D gas. I include here an outline of what I found.

Firstly, consider the one dimensional Fourier transform. To implement the one-
dimensional Fourier transform we use the MATLAB® commands fft, fftshift and
ifftshift, which give

glm]= ifftshift(£ft(£ftshift(f[j])))

N A.
= S Flfleapl-2mi( — N2 — 1)(m — N2~ 1)/N] (4.63)
j=1

Note j and m are discrete indices, and f[j] and g[m] are N x 1 vectors. The continuous
transform we are trying to calculate is

g(k) = /f(x)eikx dx (A.64)

(Note that we use the non-unitary transform to remain consistent with the Fourier
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transform used in equation [3.16)). If we discretise x and k as

zj=(-N/2,-N/2+1,..,N/2 - 1)Az (A.65)
27
kj—(—N/2,—N/2+1,...,N/2—1)NAm (A.66)
we can rewrite the Fourier transform approximately as
N .
glkm) = Awa(a:j)e_lklxj

j=1

(A.67)

N
—> g[m] = Az flj]exp[-2mi(j — N/2—1)(m — N/2 —1)/N]
j=1
= Az ifftshift(£ft(fftshift(f[j]))

Now, let’s turn to the problem at hand: calculating density fluctuations. The density

fluctuations are given by
([oms|?)
N

where A is the total number of particles (written here in script to avoid confusion with

S(k) =

(A.68)

the grid size) and
dny, = F (n(x) — )
N / (l6G P = oG ) e max (A.69)
= // (Iw(ﬂc,y)\2 —W) e et tkuy dy dy

Calculating the two-dimensional Fourier transform involves no more than successive
one-dimensional Fourier transforms in the x and y directions, and can be implemented
via the command fft2. Consider N x N position and momentum grids constructed
analogously to equations and Then we can calculate the transform as

g(k’q)://f(x,y)eikx$6ikyy dz dy

— g[m,n] = (Az)?ifftshift(fft2(fftshift(f[4,1]))

(A.70)



Therefore the density fluctuations are calculated by

S[m,n] = (Aj\r;)‘1 <

ifftshift (fftQ (fftshift (\w[j, 1)? - W))) (2> (A.71)
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